Chapter 8: Credibility and Sequential
Rationality




Outline

Backward induction, Zermelo's Theorem.
Subgame, Subgame perfect Nash equilibrium.
Reduced game.

Example.
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Backward Induction
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Backward Induction

Example (Battle of the Sexes: Sequential move case)
1/2 ([O,0|O,F|FO|FF
Opera | (2,1) | (2,1) | (0,0) | (,0)

Football | (0,0) | (1,2) | (0,0) | (1,2)
(P1)

There are three Nash equilibria.
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Backward Induction

Example (Battle of the Sexes: Sequential move case)
1/2 ([O,0|O,F|FO|FF
Opera | (2,1) | (2,1) | (0,0) | (0,0)

Football | (0,0) | (1,2) | (0,0) | (1,2)

(2,1)  (0,0) (0,0)
Player 1: O; Player 2: O, O.
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Backward Induction

Example (Battle of the Sexes: Sequential move case)
1/2 ([O,0|O,F|FO|FF
Opera | (2,1) | (2,1) | (0,0) | (0,0)

Football | (0,0) | (1,2) | (0,0) | (1,2)

(2,1)  (0,0) (0,0)
Player 1: O; Player 2: O, F'.
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Backward Induction

Example (Battle of the Sexes: Sequential move case)
1/2 ([O,0|O,F|FO|FF
Opera | (2,1) | (2,1) | (0,0) | (0,0)

Football | (0,0) | (1,2) | (0,0) | (1,2)

(2,1)  (0,0) (0,0)
Player 1: F'; Player 2: F, F'.
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Backward Induction

Principle of Sequential Rationality A player’s strategy
should specify optimal action at every point in the
game tree.

4 /22



Backward Induction

Principle of Sequential Rationality A player’s strategy
should specify optimal action at every point in the
game tree.

Reduced extensive form game
(P1) (P1)
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Backward Induction

Reduced extensive form game
(P1) (P1)

Backward Induction First, solve optimal actions at the
final decision nodes. Then, solve optimal actions at the
next-to-last decision nodes, and so on.
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Backward Induction

Example (Backward Induction)
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Backward Induction

Example (Backward Induction)

o1 = R, 09 ="a if P1 plays R T~
—1 5

5 4

6 4
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Backward Induction

Example (Backward Induction)

o1 = R, 09 ="a if P1 plays R T~
—1 5

r if P1 plays L 5 4

o3 = < 7 if P1 plays R and P2 plays a 6 4

[ if P1 plays R and P2 plays b

5/ 22



Zermelo’s Theorem

Proposition 8.1 (Zermelo’s Theorem) (1) Every finite
game of perfect information [’ has a pure strategy Nash
equilibrium that can be derived through backward
induction.
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Zermelo’s Theorem

Proposition 8.1 (Zermelo’s Theorem) (1) Every finite
game of perfect information [’ has a pure strategy Nash
equilibrium that can be derived through backward
induction.

(2) Moreover, if no player has the same payoffs at any two
terminal nodes, then there is a unique Nash equilibrium
that can be derived in this manner.

See the supplemental material and MWG pp.272-3 for a
formal proof.

See also Schwalbe and Walker (2001, GEB) for the history
of this research.
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Imperfect information

An extensive form with imperfect information

NGOS P)/(P2)] o 7
o) Y,0 2,1 0,0
yh g TR Y F 0,0 | 1.2
O/\f O/\f N, O 3/2,3/2|3/2,3/2
> 0 0 1 [N F 3/2,3/2 | 3/2,3/2

1 0 0 2
We cannot naively apply the method of backward
induction (used previously) to games with imperfect
information.
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Subgame

Subgame A subgame of an extensive form game I is a
subset of the game having the following properties:

1.

It begins with an information set containing a single
decision node, contains all the decision nodes that are
successors of this node, and contains only these nodes.

If decision node x is in the subgame, then every
z' € h(x) is also, where h(x) is the information set that
contains decision node .
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Subgame

Subgame

1. It begins with an information set containing a single
decision node, contains all the decision nodes that are
successors of this node, and contains only these nodes.

2. If decision node x is in the subgame, then every
z' € h(x) is also, where h(x) is the information set that

contains decision node zx.
1
S
_____ P

I G Lt o( .:'/'vopz CEEREY
AN Av VAN ARTA

The areas enclosed with dotted lines are NOT subgames.
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Subgame perfection

SPNE A profile of strategies 0 = (01,...,0,) in an
n-player extensive form game I' is a subgame perfect

Nash equilibrium (SPNE) if it induces a Nash
equilibrium in every subgame of I".
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Subgame perfection

SPNE A profile of strategies 0 = (01,...,0,) in an
n-player extensive form game I' is a subgame perfect

Nash equilibrium (SPNE) if it induces a Nash
equilibrium in every subgame of I".

Proposition 8.2 (1) Every finite game of perfect
information I' has a pure strategy subgame perfect Nash
equilibrium.
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Subgame perfection

SPNE A profile of strategies 0 = (01,...,0,) in an
n-player extensive form game I' is a subgame perfect

Nash equilibrium (SPNE) if it induces a Nash
equilibrium in every subgame of I".

Proposition 8.2 (1) Every finite game of perfect
information I' has a pure strategy subgame perfect Nash
equilibrium.

(2) Moreover, if no player has the same payoffs at any two

terminal nodes, then there is a unique subgame perfect
Nash equilibrium.

9 /22



Imperfect information

An extensive form with imperfect information

N(Zl)y - P1/P2 0 f
0

375 O % Y.O 2.1 0,0
3/2 2 7R (P2) Y F 0,0 1,2

f

0
0

N,O0 [3/2,3/2]3/2,3/2
N,F [3/2,3/2]3/2,3/2

\g
QOO\
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Imperfect information

An extensive form with imperfect information

(P1) P1/P2| o 7

N Y
., Y,0 | 2,1 0,0
3?2 2 R (P2) Y F 0,0 1,2

(/\f N,O |3/2,3/2]3/2,3/2
L [N,F |[3/2,3/2]3/2,3/2
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Imperfect information

An extensive form with imperfect information

(P1) P1/P2| o 7

N Y
= A Y,0 | 2,1 0,0
3?2 : — m»p(P2) |V F 0, 0 1,2

(/\f N,O0 [3/2,3/2]3/2,3/2
2 0 0 L | NF [3/2,3/2]3/2,3/2

(unreasonable)
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Imperfect information

An extensive form with imperfect information

(P1) P1/P2| o 7

N/ﬁ(P\lﬁ)ﬁ Y.0 2.1 0.0

(P2)

o /\ /xf S RET NI ALTERTE
1 0

N,F [3/2,3/2]3/2,3/2

(N, ),f)
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Imperfect information

An extensive form with imperfect information

(P1) P1/P2| o 7

N/ﬁﬁ’\lt)ﬁ Y. 0 2.1 0.0
(P2)
o /\ /xf S RE R ARIERTE

N,F [3/2,3/2]3/2,3/2

((N, F),f)
Two SPNE exist: ((Y,0),0) and ((N, F), f).
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Multiple equilibria

Subgame P1
PL/P2| s z O-—~~In
S —6,—6| —1,1 | =0 =
L 11| -3-3| 2~ 3/\1

6 -1
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Multiple equilibria

Subgame
P1/P2 S [
S —6,—6| —1,1 f
L 1,—-1 | —3,-3 -

p1
2 SInPlL
e P2
AN
A S

The subgame has two Nash equilibria: (L, S) and (S5,1).
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Multiple equilibria

Subgame
PL/P2| s z OplslnPlL
S —6,—6 | —1,1 f & P2
3 1,—1 |—3 3| 27 3/\1 5/ l
6 -1 1
103

The subgame has two Nash equilibria: (L, S) and (S5,1).

oy oXn
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Generalized Backward Induction

Generalized Backward Induction (MWG)

1.

Start at the final subgames, and identify Nash
equilibria of them.

Select one Nash equilibrium in each of the final
subgames, and derive the reduced game in which the
final subgames are replaced by the payoffs that result
In the subgames when players use the selected Nash
equilibrium strategies.

Repeat Steps 1 & 2 until every move in I' is
determined.
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Reduced game

lllustration of the next slide
I I

(i) 0 = (0g,6) is a SPNE of I' = 6 is a SPNE of T'.
(i) 6 isa SPNE of ' = 0 = (0g,5) is a SPNE of I.
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Reduced game

Proposition 9.B.3 (MWG) Let I'g be a subgame of I'.
Let the strategy profile og be a SPNE of I'g, and let I be
the reduced game formed by replacing subgame I's by a
terminal node with payoffs equal to those arising from og.

(i) In any SPNE o of I' in which og is the play in I'g,

player’'s move at information sets outside I'g constitutes a
SPNE of I.

(i) If 6 is a SPNE of I', then the strategy profile o that
specifies the moves in g at information sets in I's and

that specifies the moves in ¢ at information sets not in I'g
Is a SPNE of I.
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Reduced game

Proof of Prop. 9.B.3 (rough sketch)
I 1,

e
os)

(i) 0 = (0g,0) |saSPNE of I = 6 isa SPNE off
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Reduced game

Proof of Prop. 9.B.3 (rough sketch)
I 1,

)
(i) 0 = (0g,0) |saSPNE of I = 6 isa SPNE off

Suppose that 6 is NOT a SPNE of T
There is a subgame of " where & does not constitute a NE.

Some player has an incentive to deviate in the subgame.
She also deviates in the corresponding subgame of I.
Her moves do not change in S. o is NOT a SPNE of I.
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Centipede Game

Pl P2 Pl P2 P2 P1 P2 100
Cont.| Cont.| Cont. Cont.| Cont.| Cont. 100
Stop |[Stop |Stop |[Stop Stop |Stop |Stop
i 0 y 1 97 99 98
3 2 4 100 99 101

Each player chooses ‘Stop’ at all information sets.
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Centipede Game

Pl P2 Pl P2 P2 P1 P2 100
Cont.| Cont.| Cont. Cont.| Cont.| Cont. 100
Stop |[Stop |Stop |[Stop Stop |Stop |Stop
i 0 y 1 97 99 98
3 2 4 100 99 101

Each player chooses ‘Stop’ at all information sets.

The backward induction solution is unappealing (Rosenthal,
1981, Journal of Economic Theory).

There are many experimental studies on the game (e.g.,
Palacios-Huerta and Volij (2009, AER) and Kawagoe and
Takizawa (2012, J. Economic Behavior and Organization)).
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Chapter 9: Multistage Games




Outline

Multistage game (1)

There is a unique Nash equilibrium in each stage.

B Multistage game (2)

There are Nash equilibria in stage 2 in a two period model.
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Multistage games (1)

Proposition 9.B.4 (MWG) Let I' involve successive
play of T" simultaneous move games ( “stage-games” ),
" =[N, {A(SH)}, {vi()}] for t =1,...,T, with players
observing the pure strategy played in each game
immediately after its play is concluded.
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Multistage games (1)

Proposition 9.B.4 (MWG) Let I' involve successive
play of T" simultaneous move games ( “stage-games” ),
" =[N, {A(SH)}, {vi()}] for t =1,...,T, with players
observing the pure strategy played in each game
immediately after its play is concluded.

Assume if s! is played for each ¢, then for all € N, player
i's payoff of ['is >, vl(s").
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Multistage games (1)

Proposition 9.B.4 (MWG) Let I' involve successive
play of T" simultaneous move games ( “stage-games” ),
" =[N, {A(SH)}, {vi()}] for t =1,...,T, with players
observing the pure strategy played in each game
immediately after its play is concluded.

Assume if s! is played for each ¢, then for all € N, player
i's payoff of ['is >, vl(s").
£ £+

If there is a unique Nash equilibrium ¢" = (¢!", ... o}")
of I'" for each t = 1,...,T, then there is a unique SPNE
of I', and it consists of each player i playing strategy o!”
in I'" for each ¢ regardless of what happens previously.
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Multistage games (1)

lllustration of this Proposition (n=2,1t=1,2)

Ft:[N,{A(S?)},W(-)}] = {l',r'}, Sy ={d’,b'}.

é%wé%

(The overaII game)
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Multistage games (1)

lllustration of this Proposition (n=2,¢t=1,2)

[ = [Nv {A(Szt)}v {?Jf()}], Si — {ltvrt}v SS — {a’tvbt}'

é%wé%

(The overaII game)

(I',0') is a unique NE of 'y, and (7%, a*) is a unique NE of
% = (12,02 r? r?), (bl,a, ,az,aZ,az)) IS a unique

~ SPNE.
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Multistage games (1)

lllustration of this Proposition (n=2,¢t=1,2)
" = [N A{AMSH} {vi()}, S1=A{l'r"}, Sy ={da", b}

1
ll ’I“l

1 5 P2
/\ /w\
vi(s') + vi(o?)
vy (s') 4 v3(0?)

(The reduced game)

(I*,0') is a unique NE of 'y, and (7%, a*) is a unique NE of
% = (17202 r2 r?), (bY 6%, a*, a?,a?)) is a unique

SPNE.
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Multistage games (1)

lllustration of this Proposition (n=2,¢t=1,2)
" = [N A{AMSH} {vi()}, S1=A{l'r"}, Sy ={da", b}

1
ll ’I“l

1 11 P2
SR N
vi(s!) + Xy_p vi(0")
v3(s!) + Yoy_p vh(0")
(Repeat the procedure from T'=2 to T' = k)

(I*,0') is a unique NE of 'y, and (7%, a*) is a unique NE of
% = (17202 r2 r?), (bY 6%, a*, a?,a?)) is a unique

SPNE.
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Multistage games (1)

Proof of Prop. 9.B.4
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Multistage games (1)

Proof of Prop. 9.B.4 By induction.

m When T =1, it is obvious.
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Multistage games (1)

Proof of Prop. 9.B.4 By induction.
When T' = 1, it Is obvious.

Assume that our claim is true for all 7" < k£ — 1. We will
show that it is true for 7' = k. (we add the k£ — 1 stage
game to a simultaneous move game.)
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Multistage games (1)

Proof of Prop. 9.B.4 By induction.

m When T =1, it is obvious.

m Assume that our claim is true for all 7" < k£ — 1. We will
show that it is true for T = k.

m By hypothesis, in any SPNE of the overall game, after
play of game T'!, the play in the remaining £ — 1 games
must simply involve play of the Nash equilibrium of each
game (Prop 9.B.3).
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Multistage games (1)

Proof of Prop. 9.B.4 By induction.
When T' = 1, it Is obvious.

Assume that our claim is true for all 7" < k£ — 1. We will
show that it is true for T = k.

m By hypothesis, in any SPNE of the overall game, after
play of game T'!, the play in the remaining £ — 1 games
must simply involve play of the Nash equilibrium of each
game (Prop 9.B.3).

m Foreach: e N, let GG; be the player ¢'s total payoff in
these remaining £ — 1 games.
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Multistage games (1)

Proof of Prop. 9.B.4 By induction.
When T' = 1, it Is obvious.

Assume that our claim is true for all 7" < k£ — 1. We will
show that it is true for T = k.

m By hypothesis, in any SPNE of the overall game, after
play of game T'!, the play in the remaining £ — 1 games
must simply involve play of the Nash equilibrium of each
game (Prop 9.B.3).

m In the reduced game that replaces all the subgames that
follow I'' with their equilibrium payoffs G;, player i earns
an overall payoff of u;(s!) + G; if s! is played at ¢ = 1.
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Multistage games (1)

Proof of Prop. 9.B.4 By induction.
When T' = 1, it Is obvious.

Assume that our claim is true for all 7" < k£ — 1. We will
show that it is true for T = k.

m By hypothesis, in any SPNE of the overall game, after
play of game T'!, the play in the remaining £ — 1 games
must simply involve play of the Nash equilibrium of each
game (Prop 9.B.3).

m Player ¢ earns an overall payoff of u;(s!) + Gj if s is
played at £ = 1. In this reduced game, the unique NE is
o1*. Therefore, the result holds true for T = k.
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Multistage games (2)

A two period model (n =2, ¢t =1, 2, discount factor 9)

m f [ qg
M| 4,4 | —-1,5 L 0,0 —4, —1
F 15 -1 1,1 G|-1,-4|-3,-3
Period 1 Period 2

Because the game in the second period contains two Nash
equilibria, the equilibrium property of this two period game is
quite different from that in the case of Proposition 9.B.4.

Even in this simple two period model, each player has
2 x 24 =39 possible strategies, that is, we potentially need
to consider 32 x 32 = 1024 cases!
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Multistage games (2)

A two period model (n =2, ¢t =1, 2, discount factor 9)

m f [ qg
M| 4,4 | —-1,5 L 0,0 —4, —1
F 15 -1 1,1 G|-1,-4|-3,-3
Period 1 Period 2

If § is not too small, (M, m) and (M, f) can appear in the
first stage!
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Multistage games (2)

A two period model (n =2, ¢t =1, 2, discount factor 9)

m f [ qg
M| 4,4 | —-1,5 L 0,0 —4, —1
F 15 -1 1,1 G|-1,-4|-3,-3
Period 1 . Period 2
P
P 2 P 2
[ [ [ [
4 \4-39 1 1 -6
4 4 — 49 1 1 —46

4—-—40 4-30 —1—40 —1—-30 5—40 5H5—-30 1—40 1-30
4—-0 4-30 b5—-—90 5H5-30 —-1—-0 —1—-30 1—-90 1-30
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Multistage games (2)

m f [ qg
M| 4,4 | —1,5 L 0,0 —4. —1
F 15 -1]| 1,1 G|-1,-4|-3,-3
Period 1 Period 2
P
Pt L
P 2 P 2
[ [ [ [
4 4- 1 1 -6
4 4 — 49 1 1 — 46

4—-40 4—-30 —1—40 -1—-30 5—40 5—-30 1—40 1-39
4—0 4-30 5—90 5—30 —-1—-0 —1—-30 1—-90 1-30

(G, g) in Period 2 is used as a punishment.
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Multistage games (2)

i P 2 f 1
P 2 S 2 P = S 2
[ [ [ [
4 4—9 1 1—9
4 4 — 49 1 1 —40

4—-40 4-30 —1—40 -1—-30 5—40 5—-30 1—40 1-39
4—-—0 4-30 5—-—0 5—30 —-1—-0 —1—-30 1—-90 1-—-30

(1) Consider the case in which player 2 sets the following
strategy: She plays m in period 1; if (M, m) occurs in period
1, she plays [ in period 2, otherwise, she plays g in period 2.
s2 = (833 85(Mm), s3(M[), s3(F'm), s3(F f)) =
(m,l,9,9,9). What is the best response of player 17
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Multistage games (2)

i L
P 2 P 2
[ [ [ [
4 4—9 1 1—9
4 4 — 49 1 1 —40

4—-40 4-30 —1—40 -1—-30 5—40 5—-30 1—40 1-39
4—-—0 4-30 5—-—0 5—30 —-1—-0 —1—-30 1—-90 1-—-30

(2) Consider the case in which player 2 sets the following
strategy: She plays f in period 1; if (M, f) occurs in period
1, she plays [ in period 2, otherwise, she plays g in period 2.
s2 = (835 85(Mm), s5(M f), s3(F'm), s3(F f)) =
(f,9,0,9,9). What is the best response of player 17
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Multistage games (2)

i P 2 f 1
P 2 S 2 P = S 2
[ [ [ [
4 4—9 1 1—9
4 4 — 49 1 1 —40

4—-40 4-30 —1—40 -1—-30 5—40 5—-30 1—40 1-39
4—-—0 4-30 5—-—0 5—30 —-1—-0 —1—-30 1—-90 1-—-30

The following are also SPNE (Props. 9.1-3 on pp.180-1):
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