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1/2 O F

O 2; 1 0; 0

F 0; 0 1; 2
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Example (Battle of the Sexes: Sequential move 
ase)

1 / 2 O;O O;F F;O F; F

Opera (2; 1) (2; 1) (0; 0) (0; 0)

Football (0; 0) (1; 2) (0; 0) (1; 2)

O F

FOO F

(P1)

(P2)(P2)

(2; 1)

(0; 0) (0; 0) (1; 2)
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There are three Nash equilibria.
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Player 1: O; Player 2: O;O.
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Prin
iple of Sequential Rationality A player's strategy

should spe
ify optimal a
tion at every point in the

game tree.

Redu
ed extensive form game

O F

FOO F

(P1)

(P2)(P2)

(2; 1)

(0; 0) (0; 0) (1; 2)
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O F

(P1)

(2; 1)

(1; 2)

x

0

)

Ba
kward Indu
tion First, solve optimal a
tions at the

�nal de
ision nodes. Then, solve optimal a
tions at the

next-to-last de
ision nodes, and so on.

8



Ba
kward Indu
tion

4 / 22

Prin
iple of Sequential Rationality A player's strategy

should spe
ify optimal a
tion at every point in the

game tree.

Redu
ed extensive form game

O F

FOO F

(P1)

(P2)(P2)

(2; 1)

(0; 0) (0; 0) (1; 2)

x

0

x

1

x

2

x

3

x

5

x

4

x

6

O F

(P1)

(2; 1)

(1; 2)

x

0

)

Ba
kward Indu
tion First, solve optimal a
tions at the

�nal de
ision nodes. Then, solve optimal a
tions at the

next-to-last de
ision nodes, and so on.

9



Ba
kward Indu
tion

4 / 22

Redu
ed extensive form game

O F

FOO F

(P1)

(P2)(P2)

(2; 1)

(0; 0) (0; 0) (1; 2)

x

0

x

1

x

2

x

3

x

5

x

4

x

6

O F

(P1)

(2; 1)

(1; 2)

x

0

)

Ba
kward Indu
tion First, solve optimal a
tions at the

�nal de
ision nodes. Then, solve optimal a
tions at the

next-to-last de
ision nodes, and so on.

10



Ba
kward Indu
tion

5 / 22

Example (Ba
kward Indu
tion)
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=

8
<
:

r if P1 plays L

r if P1 plays R and P2 plays a

l if P1 plays R and P2 plays b
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Proposition 8.1 (Zermelo's Theorem) (1) Every �nite

game of perfe
t information � has a pure strategy Nash

equilibrium that 
an be derived through ba
kward

indu
tion.

(2) Moreover, if no player has the same payo�s at any two

terminal nodes, then there is a unique Nash equilibrium

that 
an be derived in this manner.

See the supplemental material and MWG pp.272-3 for a

formal proof.

See also S
hwalbe and Walker (2001, GEB) for the history

of this resear
h.
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An extensive form with imperfe
t information

3=2

N

Y

O F

(P1)

2
1

0
0

0
0

1
2

o o

ff

(P1)

(P2)

x

0

x

1

x

2

x

3

3=2

(P1)/(P2) o f

Y;O 2;1 0; 0

Y; F 0; 0 1; 2

N;O 3=2; 3=2 3=2;3=2

N;F 3=2; 3=2 3=2;3=2

We 
annot naively apply the method of ba
kward

indu
tion (used previously) to games with imperfe
t

information.
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Subgame A subgame of an extensive form game � is a

subset of the game having the following properties:

1. It begins with an information set 
ontaining a single

de
ision node, 
ontains all the de
ision nodes that are

su

essors of this node, and 
ontains only these nodes.

2. If de
ision node x is in the subgame, then every

x

0

2 h(x) is also, where h(x) is the information set that


ontains de
ision node x.

P1

P1

P2

P1

P1

P2

P1

P1

P2

The areas en
losed with dotted lines are NOT subgames.
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SPNE A pro�le of strategies � = (�

1

; : : : ; �

n

) in an

n-player extensive form game � is a subgame perfe
t

Nash equilibrium (SPNE) if it indu
es a Nash

equilibrium in every subgame of �.

Proposition 8.2 (1) Every �nite game of perfe
t

information � has a pure strategy subgame perfe
t Nash

equilibrium.

(2) Moreover, if no player has the same payo�s at any two

terminal nodes, then there is a unique subgame perfe
t

Nash equilibrium.
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An extensive form with imperfe
t information
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An extensive form with imperfe
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An extensive form with imperfe
t information

3=2

N

Y

O F

(P1)

2
1

0
0

0
0

1
2

o o

ff

(P1)

(P2)

x

0

x

1

x

2

x

3

3=2

P1/P2 o f

Y;O 2;1 0; 0

Y; F 0; 0 1; 2

N;O 3=2; 3=2 3=2;3=2

N;F 3=2; 3=2 3=2;3=2

((N;O); f)

(unreasonable)
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t information

3=2

N

Y

O F

(P1)

2
1

0
0

0
0

1
2

o o

ff

(P1)

(P2)

x

0

x

1

x

2

x

3

3=2

P1/P2 o f

Y;O 2;1 0; 0

Y; F 0; 0 1; 2

N;O 3=2; 3=2 3=2;3=2

N;F 3=2; 3=2 3=2;3=2

((N;F ); f)

25



Imperfe
t information

10 / 22

An extensive form with imperfe
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Two SPNE exist: ((Y;O); o) and ((N;F ); f).
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Subgame

P1/P2 s l

S �6;�6 �1;1

L 1;�1 �3;�3

u

1

= 0

O

In

S L

P1

�6

�6

�1
1

1

�1

�3

�3

s s ll

P2

u

2

= 2

P1

The subgame has two Nash equilibria: (L; s) and (S; l).

0

O

In

E

1

�12

0

O

In

E

�1
12

(L; s) (S; l)

Two SPNE: ((In; L); s), ((Out; S); l)
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Generalized Ba
kward Indu
tion (MWG)

1. Start at the �nal subgames, and identify Nash

equilibria of them.

2. Sele
t one Nash equilibrium in ea
h of the �nal

subgames, and derive the redu
ed game in whi
h the

�nal subgames are repla
ed by the payo�s that result

in the subgames when players use the sele
ted Nash

equilibrium strategies.

3. Repeat Steps 1 & 2 until every move in � is

determined.
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Illustration of the next slide

�

�

S

^

�

u

1

(�

S

)

� � �

u

I

(�

S

)

(i) � = (�

S

; ^�) is a SPNE of � ) ^� is a SPNE of

^

�.

(ii) ^� is a SPNE of

^

� ) � = (�

S

; ^�) is a SPNE of �.
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Proposition 9.B.3 (MWG) Let �

S

be a subgame of �.

Let the strategy pro�le �

S

be a SPNE of �

S

, and let

^

� be

the redu
ed game formed by repla
ing subgame �

S

by a

terminal node with payo�s equal to those arising from �

S

.

(i) In any SPNE � of � in whi
h �

S

is the play in �

S

,

player's move at information sets outside �

S


onstitutes a

SPNE of

^

�.

(ii) If ^� is a SPNE of

^

�, then the strategy pro�le � that

spe
i�es the moves in �

S

at information sets in �

S

and

that spe
i�es the moves in ^� at information sets not in �

S

is a SPNE of �.
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Proof of Prop. 9.B.3 (rough sket
h)

�

�

S

^

�

u

1

(�

S

)

� � �

u

I

(�

S

)

(i) � = (�

S

; ^�) is a SPNE of � ) ^� is a SPNE of

^

�.

Suppose that ^� is NOT a SPNE of

^

�.

There is a subgame of

^

� where ^� does not 
onstitute a NE.

Some player has an in
entive to deviate in the subgame.

She also deviates in the 
orresponding subgame of �.

Her moves do not 
hange in S. � is NOT a SPNE of �.
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Centipede Game

1

P1 P2 P1 P2 P1 P2

1

0
3

2
2 100

99

99

98

101

97

100

100

P2

1
4

Cont.

Stop

Cont. Cont. Cont. Cont. Cont.

Stop Stop Stop Stop Stop Stop

Ea
h player 
hooses `Stop' at all information sets.

The ba
kward indu
tion solution is unappealing (Rosenthal,

1981, Journal of E
onomi
 Theory).

There are many experimental studies on the game (e.g.,

Pala
ios-Huerta and Volij (2009, AER) and Kawagoe and

Takizawa (2012, J. E
onomi
 Behavior and Organization)).
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n Multistage game (1)

There is a unique Nash equilibrium in ea
h stage.

n Multistage game (2)

There are Nash equilibria in stage 2 in a two period model.
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Proposition 9.B.4 (MWG) Let � involve su

essive

play of T simultaneous move games (\stage-games"),

�

t

= [N; f�(S

t

i

)g; fv

t

i

(�)g℄ for t = 1; : : : ; T , with players

observing the pure strategy played in ea
h game

immediately after its play is 
on
luded.

Assume if s

t

is played for ea
h t, then for all i 2 N , player

i's payo� of � is

P

T
t=1

v

t

i

(s

t

).

If there is a unique Nash equilibrium �

t

�

= (�

t

1

�

; : : : ; �

t

N

�

)

of �

t

for ea
h t = 1; : : : ; T , then there is a unique SPNE

of �, and it 
onsists of ea
h player i playing strategy �

t

i

�

in �

t

for ea
h t regardless of what happens previously.
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on
luded.

Assume if s

t

is played for ea
h t, then for all i 2 N , player

i's payo� of � is

P

T
t=1

v

t

i

(s

t

).

If there is a unique Nash equilibrium �

t

�

= (�

t

1

�

; : : : ; �

t

N

�

)

of �

t

for ea
h t = 1; : : : ; T , then there is a unique SPNE

of �, and it 
onsists of ea
h player i playing strategy �

t

i

�

in �

t

for ea
h t regardless of what happens previously.
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Illustration of this Proposition (n = 2, t = 1; 2)

�

t

= [N; f�(S

t

i

)g; fv

t

i

(�)g℄; S

t

1

= fl

t

; r

t

g; S

t

2

= fa

t

; b

t

g:

P1

P2

P1

P1P1

P1

P2 P2 P2 P2

l

1

r

1

a

1

b

1

(�)

(The overall game)

(l

1

; b

1

) is a unique NE of �

1
N

, and (r

2

; a

2

) is a unique NE of

�

2
N

) ((l

1

; r

2

; r

2

; r

2

; r

2

); (b

1

; a

2

; a

2

; a

2

; a

2

)) is a unique

SPNE.
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Illustration of this Proposition (n = 2, t = 1; 2)

�

t

= [N; f�(S

t

i

)g; fv

t

i

(�)g℄; S

t

1

= fl

t

; r

t

g; S

t

2

= fa

t

; b

t

g:

P1

P2

P1

P1P1

P1

P2 P2 P2 P2

l

1

r

1

a

1

b

1

(�)

(The overall game)

(l

1

; b

1

) is a unique NE of �

1
N

, and (r

2

; a

2

) is a unique NE of

�

2
N

) ((l

1

; r

2

; r

2

; r

2

; r

2

); (b

1

; a

2

; a

2

; a

2

; a

2

)) is a unique

SPNE.
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Illustration of this Proposition (n = 2, t = 1; 2)

�

t

= [N; f�(S

t

i

)g; fv

t

i

(�)g℄; S

t

1

= fl

t

; r

t

g; S

t

2

= fa

t

; b

t

g:

P1

P2

l

1

r

1

a

1

b

1

v

1

1

(s

1

) + v

2

1

(�

2

)

v

1

2

(s

1

) + v

2

2

(�

2

)

(The redu
ed game)

(l

1

; b

1

) is a unique NE of �

1
N

, and (r

2

; a

2

) is a unique NE of

�

2
N

) ((l

1

; r

2

; r

2

; r

2

; r

2

); (b

1

; a

2

; a

2

; a

2

; a

2

)) is a unique

SPNE.
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Illustration of this Proposition (n = 2, t = 1; 2)

�

t

= [N; f�(S

t

i

)g; fv

t

i

(�)g℄; S

t

1

= fl

t

; r

t

g; S

t

2

= fa

t

; b

t

g:

P1

P2

l

1

r

1

a

1

b

1

v

1

1

(s

1

) +

P

k
t=2

v

t

1

(�

t

)

v

1

2

(s

1

) +

P

k
t=2

v

t

2

(�

t

)

(Repeat the pro
edure from T = 2 to T = k)

(l

1

; b

1

) is a unique NE of �

1
N

, and (r

2

; a

2

) is a unique NE of

�

2
N

) ((l

1

; r

2

; r

2

; r

2

; r

2

); (b

1

; a

2

; a

2

; a

2

; a

2

)) is a unique

SPNE.
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Proof of Prop. 9.B.4

By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k.

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n i earns an overall payo� of u

i

(s

1

) +G

i

if s

1

is played at

t = 1. In this redu
ed game, the unique NE is �

1�

.

Therefore, the result holds true for T = k.
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Proof of Prop. 9.B.4 By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k.

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n i earns an overall payo� of u

i

(s

1

) +G

i

if s

1

is played at

t = 1. In this redu
ed game, the unique NE is �

1�

.

Therefore, the result holds true for T = k.

47



Multistage games (1)

21 / 22

Proof of Prop. 9.B.4 By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k. (we add the k � 1 stage

game to a simultaneous move game.)

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n i earns an overall payo� of u

i

(s

1

) +G

i

if s

1

is played at

t = 1. In this redu
ed game, the unique NE is �

1�

.

Therefore, the result holds true for T = k.
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Proof of Prop. 9.B.4 By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k.

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n i earns an overall payo� of u

i

(s

1

) +G

i

if s

1

is played at

t = 1. In this redu
ed game, the unique NE is �

1�

.

Therefore, the result holds true for T = k.
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Proof of Prop. 9.B.4 By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k.

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n For ea
h i 2 N , let G

i

be the player i's total payo� in

these remaining k � 1 games.

i earns an overall payo�

of u

i

(s

1

) +G

i

if s

1

is played at t = 1. In this redu
ed

game, the unique NE is �

1�

. Therefore, the result holds

true for T = k.

50



Multistage games (1)

21 / 22

Proof of Prop. 9.B.4 By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k.

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n In the redu
ed game that repla
es all the subgames that

follow �

1

with their equilibrium payo�s G

i

, player i earns

an overall payo� of u

i

(s

1

) +G

i

if s

1

is played at t = 1.

In this redu
ed game, the unique NE is �

1�

. Therefore,

the result holds true for T = k.
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Proof of Prop. 9.B.4 By indu
tion.

n When T = 1, it is obvious.

n Assume that our 
laim is true for all T � k � 1. We will

show that it is true for T = k.

n By hypothesis, in any SPNE of the overall game, after

play of game �

1

, the play in the remaining k � 1 games

must simply involve play of the Nash equilibrium of ea
h

game (Prop 9.B.3).

n Player i earns an overall payo� of u

i

(s

1

) +G

i

if s

1

is

played at t = 1. In this redu
ed game, the unique NE is

�

1�

. Therefore, the result holds true for T = k.
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A two period model (n = 2, t = 1; 2, dis
ount fa
tor Æ)

m f

M 4; 4 �1; 5

F 5;�1 1; 1

l g

L 0;0 �4;�1

G �1;�4 �3;�3

Period 1 Period 2

Be
ause the game in the se
ond period 
ontains two Nash

equilibria, the equilibrium property of this two period game is

quite di�erent from that in the 
ase of Proposition 9.B.4.

Even in this simple two period model, ea
h player has

2� 2

4

= 32 possible strategies, that is, we potentially need

to 
onsider 32� 32 = 1024 
ases!

P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g
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A two period model (n = 2, t = 1; 2, dis
ount fa
tor Æ)

m f

M 4; 4 �1; 5

F 5;�1 1; 1

l g

L 0;0 �4;�1

G �1;�4 �3;�3

Period 1 Period 2

If Æ is not too small, (M;m) and (M; f) 
an appear in the

�rst stage!

P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g
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A two period model (n = 2, t = 1; 2, dis
ount fa
tor Æ)

m f

M 4; 4 �1; 5

F 5;�1 1; 1

l g

L 0;0 �4;�1

G �1;�4 �3;�3

Period 1 Period 2

P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g
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m f

M 4; 4 �1; 5

F 5;�1 1; 1

l g

L 0;0 �4;�1

G �1;�4 �3;�3

Period 1 Period 2

P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g

(G; g) in Period 2 is used as a punishment.
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P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g

(1) Consider the 
ase in whi
h player 2 sets the following

strategy: She plays m in period 1; if (M;m) o

urs in period

1, she plays l in period 2, otherwise, she plays g in period 2.

s

2

= (s

1
2

; s

2
2

(Mm); s

2
2

(Mf); s

2
2

(Fm); s

2
2

(Ff)) =

(m; l; g; g; g). What is the best response of player 1?
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P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g

(2) Consider the 
ase in whi
h player 2 sets the following

strategy: She plays f in period 1; if (M; f) o

urs in period

1, she plays l in period 2, otherwise, she plays g in period 2.

s

2

= (s

1
2

; s

2
2

(Mm); s

2
2

(Mf); s

2
2

(Fm); s

2
2

(Ff)) =

(f; g; l; g; g). What is the best response of player 1?

58



Multistage games (2)

22 / 22

P1 P1 P1 P1

P2 P2

P1

P2 P2 P2 P2 P2 P2 P2 P2

4
4

4� 4Æ

4� Æ

4� Æ

4� 4Æ

5

5� 4Æ

�1

�1� 4Æ

1

1� 4Æ

�1

�1� Æ

5

5� Æ

1

1� Æ

4� 3Æ

4� 3Æ

�1� 4Æ

5� Æ

�1� 3Æ

5� 3Æ

5� 4Æ

�1� Æ

5� 3Æ

�1� 3Æ

1� 4Æ

1� Æ

1� 3Æ

1� 3Æ

M F

f

m m

f

L G L L LG G G

l

g

l l l l l l l

g g g g g g g

The following are also SPNE (Props. 9.1-3 on pp.180-1):

(1) s

1

= (s

1
1

; s

2
1

(Mm); s

2
1

(Mf); s

2
1

(Fm); s

2
1

(Ff)) = (F;L; L; L; L) and

s

2

= (s

1
2

; s

2
2

(Mm); s

2
2

(Mf); s

2
2

(Fm); s

2
2

(Ff)) = (f; l; l; l; l).

(2) s

1

= (s

1
1

; s

2
1

(Mm); s

2
1

(Mf); s

2
1

(Fm); s

2
1

(Ff)) = (F;G;G;G;G) and

s

2

= (s

1
1

; s

2
1

(Mm); s

2
1

(Mf); s

2
1

(Fm); s

2
1

(Ff)) = (F; g; g; g; g).
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