Technical Appendix
In this appendix, we provide the detailed proof of the results in our paper.We have used Mathe-
matica for the calculations and figures included in this appendix.

Proof of Proposition 1

1. Second period

We start with the second-period prices.

We define four prices:

P 4o 1 the price of Firm A for its old customers,
Pan 18 the price of Firm A for its new customers,
PBo 1s the price of Firm B for its old customers,
Pan 1s the price of Firm B for its new customers.

The location of the indifferent consumer in Firm A’s turf, z4, is derived by solving the following
equation with respect to z:

5°1V9[-PAo -t (za-a)?=-pgn -t (za-b)?, ZA]

{{ZA R a’t 72b(zat7+b[;Aot* Pgn }}

We set the location of the indifferent consumer in Firm A’s turf, z4:
a2t'bzt"'PAo'PBn
2(a-b) t

Zp =

azt_b2t+pAo_an
2 (a-b) t

The location of the indifferent consumer in Firm B’s turf, zz, is derived by solving the following
equation with respect to z:

Solve[—p,;o -t (2g-b)2=-pan -t (25-a)2%, ZB]

{{ZB . a’t —2b<2at_+b[;Ar.1t— PBo }}

We set the location of the indifferent consumer in Firm B’s turf, zp:
a2t_bzt"'pAn_pBo
Zg =
2(a-b)t

a2t*bthrpAn*pBo
2 (a-b)t

The first-order differentials of Firm A’s profit with respect to p4, and p 4, are

Factor [D[pao Za + Pan (ZB - 2) 5 Paoll

a2t -b%t+2pa - Pen
2(a-b)t

Factor [D[pao Za + Pan (ZB - Z) , Panl]

~a?t+b?t+2atz-2btz-2pa +Pso
2(a-b)t

Similarly, the first-order differentials of Firm B’s profit with respect to pp, and pp, are
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Factor [D[pgn (Z - Zp) + Pso (1 - 2Zg) 5 Poll

—2at+a’t+2bt-b%t+pan - 2Pso
2 (a-b) t

Factor [D[pgn (Z - Zp) + Peo (1 - 2Zp), Panll

—a’t+b?t+2atz-2btz-pa+2Pan
2 (a-b) t

The four first-order differentials give us the following simultaneous equations, which we solve
for the second-period prices.

a?t-b*t+2pp - Pan

Simplify|Solve =0
[ [{ 2(a-b)t ’
—a?t+b®t+2atz-2btz-2pau +Pso 0 -2at+a’t+2bt-b%t+pa - 2pPs 0
2(a-b)t o 2(a-b)t o
~a’?t+b?t+2atz-2btz-pa+2pen
== }: {pAo: Pans Psn»s PBO}]]
2(a-b) t

{{pAoe—% (a-b)t (a+b+22), pAn—>—§ (a-b)t (2+a+b-42),
an—>§ (a-b)t(a+b-4z), pBoe% (a-b)t (-4+a+b+2z>}}
Substituting the above prices into z4, we have the equilibrium z4 in period 2:

1 1
Factor[zA/.{pAo-»-; (a-b)t(a+b+22), Pan =3 (a-b)t (2+a+b-42),

1 1
Pon> S (@-b) t(a+b-42), P T (a-b) t (-4+a+b+2z)}]

%(a+b+2z>

This z, is in the range [0, z] if and only if z = (a + b)/4. If z<(a+b)/4, we need to
consider a corner solution (z,=z), which is discussed later.

Similarly, substituting the above prices into zg, we have the equilibrium zz in period 2:

1 1
Factor‘[zB/. {pAoa—; (a-b)t(a+b+22), pA,.—>—; (a-b)t(2+a+b-42),

1 1
Pen—> — (a-b)t (a+b-42), pgo—> — (a-b) t (-4+a+b+2z)}]
3 3

%(2+a+b+22)

This zp is in the range [z, 1] if and only if z < (2+a+b)/4. If z=(2+a+b)/4, we need to
consider a corner solution (zz=z), which is discussed later.

Based on the above discussions, we have three cases: (i) 0<z=<(a+b)/4, (ii)
(a+b)/4<z<(2+a+b)/4, (iii) (2+a+b)/4<z<1.

(Casei) o<z= (a+b)/4.
In this case, we have z,4 = z, hence Firm B cannot poach any customer in Firm A’s turf.
As aresult, pg,=0. Anticipating this, Firm A sets the highest p4, that leads to z4 = z. z,4,

just equals to z. This is found below.
SO].VG[{ZA =2Z, Ppn =0}, {Paos Pen}l
{{pajo>-(a-b)t(a+b-22), pg,—>0}}
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For the optimal pricing in Firm B’s turf, we can use the first-order differentials we have
already derived:
-a?t+b®t+2atz-2btz-2pa + Pso

The first - order differential of FirmA (pa,) : -

2(a-b) t

. . . . -2at+a’t+2bt-b%t+pa - 2pPs

The first - order differential of FirmB (pg,) : -
2(a-b)t
This leads to the following second-period prices:
~a?t+b?t+2atz-2btz-2py,+
Simplify[Solve[{— Pan *Poo o,
2(a-b)t
-2at+a’t+2bt-b%t+pa - 2pPs

- 2 (a_b) t == 0}: {Pan> pBo}]]

1 1
{{pAne—g (a-b)t (2+a+b-42), pg- 3 (a-b)t (-4+a+b+2z>}}
Substituting the above prices into zg, we have the equilibrium zp in period 2 when 0<z<(a+b)/4:
1 1
Factor[zB/. {pA"-)—— (a-b)t (2+a+b-42), pgo> — (a-b) t (—4+a+b+22)}]
3 3

1
A (2+a+b+22z)

Using the above outcomes, we derive the second period profit of Firm A in case (i) given the
first-period z:

Factor‘[p,\oz,\+p,\n (zg-2) /. {pAoa—(a—b) t(a+b-22),
1 1
Pan>-— (a-b)t (2+a+b-42), pgo> — (a-b)t (-4+a+b+22), anaO}]
3 3

1
15 (a-b)t(4+4a+a’+4b+2ab+b’-16z+10az+10bz-202°)

Similarly, using the above outcomes, we derive the second period profit of Firm B in case (1)
given the first-period z:s

Factor‘[pB,. (z-2p) +Pgo (1-25) /. {pAo—>—(a—b) t(a+b-22),

1 1
pAna—; (a-b)t(2+a+b-42), pBo—>; (a-b)t(-4+a+b+22z), an—>0}]

-— (a-b)t(-4+a+b+22)?

(Caseii) (a+b)/4<z<(2+a+b)/4.
In this case, we have an interior solution with two-way poaching. Therefore, we can use
the second-period prices we have already obtained previously, reproduced below:

1 1

{pAoa—; (a-b)t(a+b+22), Pan =3 (a-b)yt(2+a+b-4z),
1 1

Pen—> — (a-b)t (a+b-42), pgo> — (a-b) t (—4+a+b+22)}
3 3

Thus firm A’s second-period profit given z can be derived as
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1 1
Factor‘[p,\oz,up,\n (zg - 2) /.{pAoa—; (a-b)t(a+b+22), pA,.—>—; (a-b)t(2+a+b-42),

1 1
Pen—> — (a-b)t (a+b-42), pgo—> — (a-b) t (-4+a+b+2z)}]
3 3

% (a-b)t(2+2a+a’*+2b+2ab+b’-8z-2az-2bz+107%)

Similarly, firm B’s profit given z is

1
Factor‘[p,;n (z-2p) +Pgo (1-23) /. {pAoa—; (a-b)yt(a+b+22),
1 1 1
Pan>-— (a-b)t (2+a+b-42), pgn> — (a-b)t (a+b-4z), pBo->—(a-b)t(-4+a+b+22)}]
3 3 3

-% (a-b)t(8-4a+a’-4b+2ab+b*-8z-2az-2bz+107%)

(Caseiii) (2 + a + b)/g4=<z<1.
In this case, zg = z, hence Firm A cannot poach any customer in Firm B’s turf. As a
result, p4,=0. Given p4,=0, Firm B chooses the highest pp, that leads to zp = z:
Solve [{zg==2, pan == 0}, {PBos Pan}]
{{pgo—> (@a-b) t (a+b-22), pan—>0}}
For the optimal pricing in Firm A’s turf, we can use the first-order differentials we have
already derived:

a’t - b’ t +2pao - Pen

2(a-b) t

The first - order differential of FirmA (pao) :

—a?t+b?t+2atz-2btz-pa+2pen
2(a-b)t

The first - order differential of FirmB (pg,) :

Solving the following simultaneous equations gives us the second-period prices.

aZt-b%t+2pu -ps ~a?t+b?t+2atz-2btz-py +2ps
Simplify[SO:Lve[{ . n==0.\ 2 n== }) {Pno> PBn}]]
2(a-b) t 2(a-b) t

{{pAoe—é(a—b)t(aerJrZz), anaé (a—b)t(a+b—4z)}}

Substituting the second-period prices into z4, we have the equilibrium z4 in period 2 when z >
(2+a + b)/4:

Factor‘[zA/.
1 1
{pAo-)—— (a-b)t (a+b+22), pan—0, Peo— (a-b) t (a+b-22), pga—>— (a-b) t (a+b—4z)}]
3 3

%(a+b+2z>

Using the above prices, z4 and zg = z, we derive firm A’s second-period profit given z as
follows:

Factor‘[p,\0 Zp+ Pan (Zg-2) /.

1 1
{pAoa—; (3-b) t (a+b+22), P8, Pro> (a=b) t (a+b-22), psn> - (a-b)t (a+b-42)}]

7% (a-b)t(a+b+22)?

Similarly, firm B’s second-period profit given z is
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Factor [pan (- za) + Pso (1-2s) /-

1 1
{pAoa—; (a-b)t(a+b+22), pam—=0, pgo— (a-b) t (a+b-22), Pon> 5 (a—b)t(a+b—4z)}]

1
“1g (a-b)t(-18a+a’-18b+2ab+b*+36z+10az+10bz-202%)

2. First period - Prices

In our calculation, we denote firms’ discount factor by 6 » and consumers’ discount factor by ..
In Proposition 1, we focus on the case, 6 /=6 ;=6. In Propositions 2 and 3, we focus on the case,
0 =6 and 6,=0.

We need to consider three cases: (i) 0<z < (a + b)/4, (ii) (a + b)/4<z<(2+atb)/4, (iii) (2+at+b)/4=<
z=<l1.

(Casei) o<z=(a + b)/4.

From the previous analysis, we have the second-period prices given as follow.
1
{pAoa—(a—b) t(a+b-22), pAne—; (a-b)yt(2+a+b-42z),
1
pBo—>; (a-b)t(-4+a+b+22z), pB"—>0}
Anticipating the second period prices, consumers choose one of the first-period prices p4 or pp
(p4 1s the first-period price of firm A and pjp is the first-period price of firm B)
The location of the indifferent consumer, z, is derived from the following equation.:
Solve[—pA—t (z-a)?-6c ((-(a-b)t(a+b-22)) +t (z-a)2) =
1
-ps -t (z-b)?-5c ((; (b-a) t (2+a+b—4z)] +t (z—a)z), z]
{{z-(-3a°t+3b’t-2atsc+2a’tsc+2btoc-2b>tSc-3pa+3pg) /(2 (a-b)t (-3+6¢))}}

We set the location of the indifferent consumers z:
z=(-3a’t+3b°t-2atéc+2a’tsc+2btsc-2b*tsc-3pa+3ps)/(2(a-b)t(-3+6c))

-3a2t+3b%t-2atéc+2a’tSc+2btsc-2b2tSc-3pa+3ps
2 (a-b)t (-3+6¢)

Next, we derive the condition for z to be in the range [0, (a+b)/4] by solving the following
equations.

Factor[Solve[(a+b) /4-2=20, pa]]
Factor[Solve[@ -2z =0, pal]

Hp,ﬁ% (—3a2t+3bzt—4at6c+3a2t5c+4bt5c—3bzt6c+6p3>}}

{{pA%% (—3a2t+3b2t—23t6c+2a2t5c+2bt5c—2b2t6c+3p3)}}

Simplifying the above, the condition can be stated as follows.

(b-a)t ((a+b) (3-26c) +26¢) (b-a)t (3 (a+b) (1-6c) +46¢)

ps + 2 Pp2pg+

3 6

(b-a) t ((a+b) (3-26c)+2 6¢
3

Note that if p4 is larger than pg + L, z becomes zero.
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Next, we solve for the pricing equilibrium in the first period.
From the previous analysis, we have each firm’s second-period profit given as follows.

1
Maai-— (a-b)t(4+4a+a’+4b+2ab+b’-162z+10az+10bz- 207
18

1
eyt -— (a-b)t (-4+a+b+22)?
18
First, the derivative of firm A's total discounted profit with respect to p 4 is

1
Factor‘[D[pAz+5f (— (b-a)t (4+4a+a2+4b+2ab+b2—162+1aaz+1abz—2022)), pA]]
18

1

2 (a-b)t (-3+6c)?

(9a’t-9b’t+6atsoc-9a’tsoc-6btoc+9b’toc-2atoc’+2a’toc?+2btsc -
2b*toc’+8atof+5a’tof-8btosfF-5b°tsf+4atscsf-5a2tocof-
4bt5c5-F+5b2t6c5-F+18pA—66cpA+106-FpA—9pB+35cpB—leé-FpB)

Using the derivative, we obtain the reaction function of Firm A in the range, O<z=<(a + b)/4:
Simplify [Solve [
1
2 (a-b)t (-3+6c)?
2btésc®-2b*tsc’+8atsf+5a’tsf-8btof-5b>tsf+4atscsf-5a’tscsf-
4bt5c 5 +5b%t 5C 5F + 18 py - 6 5C pa + 10 5F pa - 9 g + 3 5C pg - 10 5F pg) = 0, pA”

(9a2t—9b2t+6at6c—9a2t5c—6bt5c+9b2t6c—2at6c2+2a2t6c2+

{{Pa ! ((a-b)t (66c-25c2+85F+45c5F+b (9-95C+26c2+56F-56¢5f) +
2 (-9+36C-506f)

a(9+26c®+56f-6c (9+56F))) + (-9 +36c-106f) ps)}}

Since the above reaction function may prescribe z outside the required range, we need the condi-
tion that indeed guarantees,0<z<(a + b)/4.

We have already obtained the condition that z is between 0 and (a + b)/4 as follows:

(b-a)t ((a+b) (3-26c) +26¢) (b-a)t (3 (a+b) (1-6c) +46¢)
Ps + 3 2Ppazps+ "

If the following outcomes are positive, the reaction function satisfies the above inequalities:
Simpli-Fy[
1
2 (-9 +36c -5 6f)
a(9+26c®+56f-6c (9+56F))) +
(b-a)t (3 (a+b) (1-6c) +46¢) ]]]
6

Factor| ((@a-b)t (66c-26c*+86Ff+45c5F+b (9-96C+25c%+56F-56¢6f) +

(-9 +36c-105f) pg) - |ps +

b-a)t((a+b) (3-26c) +26¢
Simpli-Fy[Factor'[pB+( )t ((a+ )3( ) + )

1
2 (-9 + 3 6c - 5 6f)

((a-b) t (66c-26c*+86F+46csf+b (9-96c+26c*+56f-56csf) +

a(9+28c+56F-5c (9+56F))) + (-9 +3 6c - 10 6) pB)”

(-3+6¢) ((a-b)t (3 (-2+a+b)sc+86F) +9pg)
6 (-9 +36¢ - 5 6F)

((-3+6¢€) ((a-b)t (-66c+a (-9+66C-56f) +b (-9 +65c-56F) +85F) +9pg)) /
(6 (-9 +36c-56F))

We derive the threshold values of pp such that each of the outcomes equals zero:
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(-3+6c) ((a-b)t (3 (-2+a+b) sc+86F) +9pg)
6 (-9 +36c -5 6f)
Simplify[Solve[((-3+6c) ((a-b)t (-66c+a (-9+68c-56F) +b (-9+66c-565f) +86F) +9pg)) /

(6 (-9+368c-56F)) =0, pg]]

Simplify [Solve [—

0.5

{{pge—% (a-b)t (3 (-2+a+b) 5c+85f>}}
{{pﬁ% (a-b)t (-65c+a(-9+65c-55f) +b (-9+668c-55F) +85f)}}

Therefore, if pp satisfies the following inequalities, the reaction function of Firm A is in the
range, 0<z=<(a + b)/4:
(b-a) t (3 (-2+a+b) &c+85F)

9

1
—; (b-a)t ((a+b) (9-686c+56F) +656c-86F) <pg=<

Note that if pp is smaller than the left-hand side value of the inequality, Firm A abandons to
supply in period 1.

Similarly, using the above outcomes, we derive the first-order derivative of Firm B’s profit with
respect to pp

1
Factor‘[D[pB (1-2) +6f . (b-a) t (—4+a+b+22)2], pB]]

1
"2(a-b)t (-3+6C)2
(-18at+9a’t+18bt-9b’t+18atsc-9a’tsc-18btsc+9b’toc-4atoc? +2a°toc +
4btoc?-2b2tsc?+8atsf-4a’tofF-8btof+4b’tof-4atocof+2altscof+
4btScof-2b’t6cof +9pa-36cpy-26Ffpy-18pg+66Cps+26Fpg)

Using the derivative, we obtain the reaction function of Firm B in the range, 0<z < (a + b)/4:
Simpli-Fy[

1
2 (a-b)t (-3+6c)?
4atsc’+2a’tsc’+4btsc?-2b2tsc’+8atsf-4a’tsf-8btof+ab’tsf-4atscsf+
22t 6c5F+4bt Sc5F -2b> t 5C 5F +9py -3 5Cpy-26Ffpy-18pg+66Cpg +25Fpg) = 0, pB]]

Solve[— (-18at+9a’t+18bt-9b’t+18atéc-9a*tsc-18btsc+9b* téc -

{{pe~ (-(-2a+a*- (-2+b) b) t (9+26c*-45f+6c (-9+26F)) + (-9+36c+26F) pa) /
(2 (-9+36c+6F)) }}

Since the above reaction function may prescribe z outside the required range, we need the
condition that indeed guarantees 0<z < (a + b)/4.

We have already obtained the condition that z is between 0 and (a + b)/4 as follows:

(b-a)t ((a+b) (3-26c) +26¢) (b-a)t (3 (a+b) (1-6c) +46¢)
Ps + 3 2 Pa2pg+ p .

(b-a) t ((a+b) (3-26¢)+25¢
3

chooses the following pg which just leads to z=0.

If p, is larger than pg + L, z becomes zero. In this case, Firm B

(b-a)t ((a+b) (3-26c) +26¢c)
Ps = Pa - .
3
If the following outcomes are positive, the reaction function satisfies the above inequalities, 0<z

< (a+b)/4:
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Simpli-Fy[Factor[(—(—Za+a2 - (-2+b) b) t (9+25c -4 5F+5¢c (-9+26F)) + (-9+36¢+26fF) py)/

(b-a) t ((a+b) (3-26c) +26¢c)
3 —PA”

(2 (-9+36c+6F)) +

Simpli-Fy[Factor'[pA— ((—(—Za +a’- (-2+b) b) t (9+26c*-46Ff+6c (-9+26F)) +

b- b) (1-
(-9 + 3 ¢ + 2 6F) pA)/(Z(—9+35c+5f))+( at@-+b @ 5c)+45c))]]

6
((-3+6€) ((a-b)t (-18+a (-9+65c-26F) +b (-9+66c-26F) +85F) ~9pa)) / (6 (-9 +35¢+6F))

—(((-3+6¢c) ((a-b)t (-18+3bsc+3a (5c-5F) +85F-3b5F) -9pa)) /(6 (-9+36¢+6F)))

We derive the threshold values of p 4 such that each of the outcomes equals zero:

Simplify[Solve[ ((-3+6c) ((a-b) t (-18+a (-9+686c-26F) +b (-9+66c-26F) +86F) -9p,)) /
(6 (-9 +36c+6F)) =0, pal]
Simplify[Solve[-(((-3+6c) ((a-b)t (-18+3béc+3a (6c-6f) +86f-3b&Ff) -9pa))/
(6 (-9+368c+6F))) =0, pal]

{{pﬁ% (a-b)t (-18+a (-9+66c-26F) +b (-9 +66¢ - 2 6F) +85f)}}
Hp,ﬁg (a-b)t (-18+3a (6c - 6F) +3b (6¢c - 6F) +85F>}}

Therefore, if p4 satisfies the following inequalities, the reaction function of Firm B is in the
range, 0 <z < (a+b)/4:
(b-a)t (18 + (a+b) (9-66c+25f) - 865F) (b-a)t (18-3 (a+b) (6c - 5f) - 8 5f)
2paz
9 9

Note that if p, is larger than the left-hand side value of the inequality, Firm B chooses the
following pp, which leads to z=0.
(b-a)t ((a+b) (3-26c) +26¢)
3

P = Pa -

(Caseii) (a+b)/4<z<(2+a+Db)/4

From the previous analysis, we have the second-period prices given as follow.
1 1
{pA°->—— (a-b)t(a+b+2z), psn>-—(a-b)t(2+a+b-42z2),
3 3
1 1
Pon> S (a-b) t(a+b-42), P T (a-b) t (—4+a+b+22)}

Anticipating the second period prices, consumers choose one of the first-period prices p4 or pg
(p4 1s the first-period price of firm A and pjp is the first-period price of firm B)

The location of the indifferent consumer, z, is derived by the following equation:

1
Solve[—pA—t (z-a)?-6c (; (a-b)t(a+b-4z) +t (z—b)z)

1
ps-t (z-b)?-5c ((; (b—a)t(2+a+b—4z)]+t(z—a)z], z]

HZ 3a2t—3b2t+2at6c—aztéc—2bt5c+b2t5c+3pA—3pB}}
N
2(a-b)t (3+60)

We set the location of the indifferent consumers z:
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_ 3 (ps - Pa) +((€=\+b) (3-6c) +26c)
2 (b-a)t (3+68c) 2 (3+6¢)
(a+b) (3—5c)+25c+ 3 (-pa + Ps)
2 (3+6¢) 2 (-a+b)t (3+6¢)

We derive the condition that the location of the indifferent consumers, z, is between (a+b)/4 and
(2+a+b)/4, by solving the following simultaneous equations

Simplify[Solve[z - (a+b) /4==20, pal]

Simplify[Solve[(2+a+b) /4-2==0, pal]

{{pﬁ% ((a-b)t (3a(-1+6¢c) +3b (-1+6c) -4 6¢) +6pB)}}
Hp,ﬁ% ((a-b)t (6+3a(-1+6¢c) +3b (-1+6c) - 26¢) +6pB>}}

By simplifying the above values of p,4, we have the condition that z is between (a+b)/4 and
(2+atb)/4 as follows:
(b-a)t (3 (a+b) (1-6c) -2 (3-6c)) (b-a) t (3 (a+b) (1-6c) +46c)

Ps + <Pa<ps+
6 6

We have already derived the 2nd period profits of Firms A and B as follows:

1 2 2 2
72 i-—(a-b)t(2+2a+a’+2b+2ab+b’-8z-2az-2bz+102°)
9

1 2 2 2
7 i-—(a-b)t(8-4a+a’-4b+2ab+b’-8z-2az-2bz+102%)
9

Using the above outcomes, we derive the first-order derivative of Firm A’s total discounted
profit with respect to p 4

1
Factor‘[D[pAz+6-F; (b-a)t (2+2a+a’+2b+2ab+b?-8z-2az-2bz+102%), pA”

- ! 5 (-9a’t+9b’t-6atsc+6btoc-2atsoc?+
2 (a-b)t (3+650¢)
a?tsc?+2btsc®-b?tsc’-8atof+8altof+8btsf-8b2tof+4atscsf-

4a’tScof -4btocof +4b>t 5c 6f - 18 py - 6 5C pa + 10 6F pa + 9 pg + 3 5C pg - 10 5F pg)

Using the derivative, we obtain the reaction function of Firm A in the range,
(atb)/4<z<(2+atb)/4:

Simplify [Solve [
1
T2 (a-b)t (3+68c)?
8atsf+8a’tsf+8btsofF-8b>tsfF+datocsf-4a’tscsf-4btscsf+
4b2t 5C 5 - 18 pp - 6 5C py + 10 5F py + 9 pg + 3 5C pg - 10 5F pg) == O, pA”

(-9a’t+9b’t-6atsc+6btsc-2atéc’ +a’tsc’ +2btsc? - b’ toc? -

1 2
{{pa- 5 G 3sc sa (b t(al9soct 8o ascef] ¢

b (-9+ 6% +85F-45c6F) -2 (35c+ 6% +46f-26c o)) + (9+36c-106F) py) |}

The function might be outside the range, (a+b)/4<z<(2+a+b)/4.

We derive the condition that the reaction function is indeed in the range, (a+b)/4<z<(2+a+b)/4.

We have already obtained the condition that z is between (a+b)/4<z<(2+a+b)/4 as follows:
(b-a)t (3 (a+b) (1-6c) -2 (3-6c)) (b-a) t (3 (a+b) (1-6c) +46c)

Ps + <Pa<ps+
6 6

If the following outcomes are positive, the reaction function satisfies the above inequalities:
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(b-a) t (3 (a+b) (1-6c) +46c) 1
6 2 (9 +3 6¢ - 5 6f)
((@a-b)t(a(-9+6c>+86Ff-46c6f) +b (-9+6c*+86F-46c6f) -2 (36c+sc’+46f-26c6f)) +

simplify [pB +

(9 + 3 ¢ - 10 5) pB)]

1
Simpli-Fy[ ((a-b) t (a(-9+6c*+86f-45csf) +
2 (9 +3 5¢ - 5 6f)

b (-9+6c*+86f-46c6f) -2 (36c+6c’+a6f-26c6f)) +
(b-a) t (3 (a+b) (1-6¢c) -2 (3-6c))
: )
(3+6¢) ((a-b)t(6(-1+a+b)sc+ (8-3a-3b)5f) +9pg)
6 (9 +36¢C-56F)

(9 +36c-1065f) pg) - (pB+

-(((3+6c) ((a-b)t (18+6adc+6boc-26f-3asf-3bsf) +9pg)) /(6 (9+36c-56F)))

We derive the threshold values of p4 such that each of the outcomes equals zero:

3+6 -b) t (6 (-1 b) & 8-3a-3b) 6f) +9
Simpli-Fy[Solve[( +6c) ((a )t (6(-1+a+b) éc+ ( a ) ) +9ps) . :PB]]
6 (9 +36c-56f)
Simplify[Solve[
-(((3+6c) ((a-b)t(18+6asc+6bbéc-26f-3asf-3bsf) +9pg)) /(6 (9+36c-56f))) =0,
psl]

{{pw% (a-b)t (6 (-1+a+b)Sc+ (8-3a-3b) 5{)}}
{{pse—% (a-b)t (18+6a6c+6b5c—261’—3a5f—3b5ﬂ}}

Therefore, if pp satisfies the following inequalities, the reaction function of Firm B is in the
range, (a+b)/4<z<(2+a+b)/4.
(b-a)t (6 (-1+a+b) 6c+ (8-3a-3b) &f) (b-a) t (3 (a+b) (26c-6f) +2 (9-5F))

< ps<

B
9 9

Similarly, using the above outcomes, we derive the first-order derivative of Firm B’s profit with
respect to pp

1 2 2 2
Factor‘[D[pB (1-2z) +6f = (b-a)t (8-4a+a’-4b+2ab+b>-8z-2az-2bz+102%), pB”
9

1
2 (a-b)t (3+6c)2
(18at-9a’t-18bt+9b’t+6atsc-6btoc+a’tsc’ -b’toc’ -8atof +8a’tof +
8btof-8b*tsf+datscsf-4a’tscsf-4btocsf+4b%tocof -
9pa-36Cpa+105Fpy+18pg + 6 6C pg - 10 6F pg)

Using the derivative, we obtain the reaction function of Firm B in the range,

(atb)/4<z<(2+atb)/4.
Simpli-Fy[
1
Solve[ (18at-9a’t-18bt+9b’t+6atsc-6btsc+a’ toc’-b’toc?-

2 (a-b)t (3+6c)?
8atsf+8a’tsf+8btof-8b2tsf+datdcof-a4a’tsécsf-abtdcof+
4b2t 5C 5 - 9 py - 3 5C py + 10 5F py + 18 pg + 6 5C pg - 10 5F pg) == O, pB”

1
{{PB"
2 (9 +36c-56f)
(-(a-b) t (18+66c-86F+46csf+a (-9+6c>+865Ff-46csf) +b (-9+6c”+86Ff-46csf)) +

(9 + 3 6¢ - 10 5F) pA)}}
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We have already obtained the condition that z is between (a+b)/4 and (2+a+b)/4 as follows:

(b-a)t (3 (a+b) (1-6c) -2 (3-6¢)) (b-a)t (3 (a+b) (1-6c) +46c)
Ps + . <Pa<ps+ .

which can be rewritten as

(b-a) t (3 (a+b) (1-6c) +46c) (b-a) t (3 (a+b) (1-6c) -2 (3-6¢c))
Pa - 6 <Ps<Pa- 6

If the following outcomes are positive, the reaction function satisfies the above inequalities:
(b-a)t (3 (a+b) (1-6c) -2 (3-6c)) 1

6 T 2(9+368c-56f)
(-(a-b) t (18+66c-86F+a6csf+a (-9+6c>+85Ff-46csf) +b (-9+6c”+86f-46csf))+

Factor‘[pA -

(9 + 3 6¢ - 10 5) pA)]
1
Factor-[ (-(a-b) t (18 +66c-85F+46c5F +
2 (9 +3 8¢ -5 6F)
a(-9+6c%+86F-46c6f) +b (-9+6c”+86F-45csf)) +
(b-a)t (3 (a+b) (1-6c) +46c)
5 )
~(((3+6c) (-6atoc+6a’toc+6btsc-6b°toc-2atof-3a’tof+2btof+3b2tof-9pa))/

(6 (9+36c-506f)))

(9 +38c-1065F) pa) - (pA—

1
6 (9 +36¢C-56f)
6a’tosc+12btoc-6b°toc+8atsf-3a’tof-8btof+3b>tof-9p,)

(3+6c) (-18at+18bt-12atsc +

We derive the threshold values of p, such that each of the outcomes equals zero:
Simplify [Solve|
-(((3+6c) (-6atsc+6a’téc+6btsc-6b’tsc-2atsf-3a’tsf+2btof+3b’tsf-9pa))/
(6 (9+38c-55f))) =0, pa]]
1
6 (9 +3 6c -5 6F)
12btsc-6b’toc+8atsf-3a’tsf-8btof+3b2t6Ff-9p,) =0, pA]]

Simpli-Fy[Solve[ (3+6c) (-18at+18bt-12atsc+6a’tsc+

HpAe% (a-b)t (6(-1+a+b)éc- (2+3a+3b) 61’)}}
{{pﬁ% (a-b)t(-18+6 (-2+a+b)éc+ (8-3a-3b) 5{)}}

Therefore, if p4 satisfies the following inequalities, the reaction function of Firm B is in the
range, (a+b)/4<z<(2+atb)/4
(b-a)t (6 (L-a-b) sc+ (2+3a+3b) &f) (b-a)t (18+6 (2-a-b) 6c- (8-3a-3b) &f)

< <

Pa
9 9

(Caseiii) (2+a+b)/4=<z<1

The following prices are the second period prices.

1 1
{pAoa—; (a-b)t (a+b+22), pam—=0, peo— (a-b) t (a+b-22), Pon > < (a-b)t (a+b—4z)}

Anticipating the second period prices, consumers choose one of the first-period prices p4 or pg
(p4 1s the first-period price of firm A and pjp is the first-period price of firm B)

The location of the indifferent consumer, z, is derived by the following equation:
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1
Solve[—pA—t (z-a)%-6c ; (a-b)t(a+b-4z) +t (z—b)z)

-ps-t (z-b)?>-6c (((a-b)t(a+b-22)) +t(z-b)?), z]

HZ —332t+3bzt+2a2t6c—2b2t5c—3pA+3pB}}
N
2 (a-b)t (-3+6c)

We set the location of the indifferent consumer z:

-3a2t+3b2t+2a’téc-2b2tsc-3py+3p;s
2 (a-b) t (-3 +6c)

Z=

—3a2t+3b2t+232téc—ZbZtéc—BpA+3pB
2(a—b)t(—3+5c)

We derive the condition that the location of the indifferent consumer, z, is between (2+a+b)/4
and 1, by solving the following equations

Factor[Solve[z - (2+a+b) /420, pa]]

Factor[Solve[l -2z =0, pal]

{{pAe% (6at—3a2t—6bt+3bzt—2at6c+3a2t5c+2bt5c—3bzt6c+6p3>}}

{{pA%% (6at—3a2t—6bt+3b2t—2at6c+2a2t5c+2bt5c—2b2t6c+3p3)}}

By simplifying the above values of p,4, we have the condition that z is between (2+a+b)/4 and 1
as follows:
(b-a)t ((a+b) (3-26c) -2 (3-5c)) (b-a)t (3 (a+b) (1-6¢c) -2 (3-6c))

Ps + Spasps+
3 6

We have already derived the 2nd period profits of Firms A and B as follows:

1
Tt -— (a-b) t (a+b+22)?
18

1

Mgz i-— (a-b)t(-18a+a’-18b+2ab+b’+362+10az+10bz-2027)
18

The first-order condition of Firm A with respect to p4 is

Factor‘[D[pAz+6-F (i (b-a) t (a+b+22)2), pA]]
18

- (
2 (a-b)t (-3+6¢c)2
4b>tof+2a’tocof - 2b% t6c 6F + 18 py- 6 5C pa - 2 6F pa - 9 ps + 3 6C pg + 2 5F pg)

9a%t-9b%t-9a’tsc+9b*toc+2a’tsoc?-2b2tsc®-4atof+

The reaction function of Firm A within the range in which (2 +a + b)/4<z<1 is
Simplify[
1

Solve[ (9a2t-9b2t-9a2t5c+9b2t5c+2a2t5c2-2b2t5c2-4a2t6f+

2 (a-b)t (-3+6¢c)?
4b2t5F+2a>t5c6F - 2b%t 5¢ 65F + 18y - 6 5C Py - 2 5F Py - 9 pg + 3 5C pg + 2 5F pg) =0, pA]]
{{pa— ((*-b*) t (9+26c*-46f+6c (-9+26F)) + (-9+36c+26F) pg) /(2 (-9+36c+6F))}}

(9-36c-26f)ps (b-a) (a+b)t ((3-6c) (3-26c) -2 (2-6¢c) 6F)
+
2 (9-36c - 6F) 2 (9 -3 6c - 6F)

Pa -

The function might be outside the range, (2 + a + b)/4<z<1.
We derive the condition that the reaction function is indeed in the range, (2 + a + b)/4<z<I.

We have already obtained the condition that z is between (2+a + b)/4 and 1 as follows:
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(b-a)t ((a+b) (3-26¢c) -2 (3-6c)) (b-a)t (3 (a+b) (1-6¢c) -2 (3-6c))
Pe + 3 SPpasps+ "

(b-a) t ((a+b) (3-26c)-2 (3-56¢
3

In this case, Firm A chooses the following p4 which just leads to z=1.

If pp is larger than p - L) |z becomes 1.

(b-a)t ((a+b) (3-26¢c) -2 (3-6c))
. .

Pa— Ps +

The reaction function is within the range (2 + a + b)/4<z<1 if the following are positive:
(9-36c-26f)pg (b-a) (a+b)t ((3-6c) (3-26¢C) -2 (2-5c) 6'F))
+ -

Simpli-Fy[Factor [(

2 (9-36c-5f) 2 (9-36c - 6f)
(b-a)t ((a+b) (3-26¢c) -2 (3-6c))
[po + 1]
3
b-a)t (3 b) (1-6c) -2 (3-6
Simpli-Fy[Factor[pB+( At )(6 2 ( ) -

((9—36c—25f)p3 (b-a) (a+b) t ((3-5c) (3—26c)—2(2—6c)6f)]”

+

2 (9-36c-5f) 2 (9 -3 6c - &6f)

“(((-3+6¢C) ((a-b)t(a(-9+65c-25Ff) +b (-9+66c-26F) -4 (-9+36c+5F)) +9pg)) /
(6 (-9 +36c+6F)))

((-3+6¢€) ((a-b)t (18+3 (-2+a+b)sc— (2+3a+3b)5Ff) +9pg)) / (6 (-9+36C+6F))

Therefore, the reaction function of Firm A is within the range (2 + a + b)/4<z<1 if
(b-a)t (4 (9-36c-6f) - (a+b) (9-66c+25F))
2

9
(b-a) t (2 (9-36c-5F) +3 (a+b) (6c-5f))

9

Ps

Note that if pp is larger than the left-hand side value of the inequality, Firm A chooses the
following p 4, which leads to z=1.

(b-a) t ((a+b) (3-26¢c) -2 (3-6¢c))
. .

Pa— Ps +

Similarly, using the above outcomes, we derive the first-order condition of Firm B with respect
to pp

1
Factor[D[pB (1-z) +6f|— (b-a) t (—18a+a2—18b+23b+b2+362+1aaz+1abz—2022)), pB]]
18

1
"2(a-b)t (-3+6c)2
(-18at+9a’t+18bt-9b’t+12atéc-9a’tsc-12btsc+9b*toc-2atoc® +2a% toc® +
2btoc’-2b2toc?-18atsf+5a2tof+18btsf-5b*tof+6atscof-5a%técof-
6bt5c5-F+5b2t6c5-F+9pA—36cpA+1@6-FpA—18pB+66ch—1@5-FpB)

The reaction function of Firm B is
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Simpli-Fy[

1
2 (a-b)t (-3+6c)?
2atéc?+2a’tsc?+2btsc?-2b*tsc?-18atsf+5atsF+18btsF-5b2tSsf+6at scsF -
5a’tsc5f-6btSc5F +5b>t 5 5F+9py-36Cp,y+105F py-18pg + 6 5C pg - 10 5F pg) = 0, pB]]

Solve[— (-18at+9a’t+18bt-9b*t+12atsc-9a’tsc-12btsc+9b’téc-

(fpo-

2 (-9+36C-506f)
(9+26c +56F -6 (9+56F))) + (-9 +36c-106F) pa) |}

(-(a-b) t (-2 (-3+6c) (-3+5c-365f) +b(9-95c+25c2+55f-55c5f)+a

(9 -36c +10 6F) pa

2 (9-36c+56F) "

((b-a) t (2 (3-6¢c) (3-6c+36Ff) - (a+b) ((3-6c) (3-26¢c) +5 (1-6¢c) 6F)))/
(2 (9-36c+56f))

Ps =

We check the condition that the reaction function of Firm B is within the range (2 + a + b)/4<z<
1.

(b-a)t ((a+b) (3-26¢c) -2 (3-6c)) (b-a)t (3 (a+b) (1-6c) -2 (3-6c))

Ps + < Pa< Ps+

3 6

(b-a) t ((a+b) (3-26¢c)-2 (3-56¢
3

Note that if pp is larger than py - L)z becomes 1.

The reaction function of Firm B is within the range in which (2 + a + b)/4<z<1 if the following
are positive:

9-36c + 10 5f
Simplify[Factor‘[pA - ( ¢ °r ) Pa +

2 (9-36c+56f)

((b-a)t (2(3-6c) (3-86c+36F) - (a+b) ((3-6¢c) (3-26¢) +5 (1-6¢c) 6F))) /
(b-a)t ((a+b) (3-26c) -2 (3—6c)))”
3

(2 (9-36c+55f)) +

(9 -3 8¢ +10 5f) py
+
2 (9-36c+56f)
((b-a) t (2 (3-6¢c) (3-6c+36f) - (a+b) ((3-6¢) (3-26c) +5 (1-5¢c) 6F))) /
(b-a)t (3 (a+b) (1-6¢c) -2 (3-6c))

(2 (9-36c+55f)) + —pA]]
6

—(((-3+6¢C) ((a-b)t(a(-9+65c-56Ff) +b (-9+66c-5656F) +2 (9-36C+6F)) -9pa)) /
(6 (-9+356c-56F)))

Simplify [Factor [

(-3+6¢c) ((a-b)t (3adc+3bdéc-86F) -9p,a)
6 (-9+36c-506f)

Simplify[
Solve[- (((-3+6c) ((a-b)t (a(-9+65c-55F) +b (-9+65c-56F) +2 (9-36c+6F)) -9pa))/
(6 (-9 +36c-56F))) =0, pal]
(-3+5¢c) ((a-b) t (3abc+3bbc-86F) -9py)
6 (-9 + 3 6¢ - 5 5f) =0, pi]]

Simplify [Solve [

{{pﬁ% (a-b)t (a(-9+686c-55F) +b (-9+65C-565F) +2(9—35c+6f))}}
HpAe% (a-b)t (3a5c+3b5c-85ﬂ}}

Thus, the reaction function of Firm B is within the range (2 + a + b)/4<z<1 if
(b-a)t ((a+b) (9-66c+56Ff) -2 (9-36c+6f)) (b-a) t (856f-3 (a+b) &c)
S pas
9 9
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We summarize below the results from our analysis of the reaction functions in the three cases.

(Casei) o<z < (a+b)/4.

Firm A’s reaction function in this range is

pa> ((b-a) t (66c-26c>+86Ff+a6csf+ (a+rb) (9-96c+26c”+56f-56csf)) +
(9-36c+106F) pg) / (2 (9-36c+56F))

This is applicable for the following range of pp

(b-a)t (3 (-2+a+b) 6c+85F)
9

1
—; (b-a)t ((a+b) (9-66c+56F) +66c-86F) <pg<

We check the endpoints of Firm A’s reaction function in the range of pp (see the inequalities
above). Substituting the minimum and maximum values of pp into Firm A’s reaction function,
we obtain the endpoints (vectors) of Firm A’s reaction function in the (p4, pp) coordinate
system:
Fullsimplify[

((b-a)t(66c-26c*+86F+46c6f+ (a+b) (9-96c+26c*+56f-568csf)) + (9-36c+106f)

1
pe) / (2 (9-35c+56'F))/.pB->-; (b-a)t ((a+b) (9-66c+56f) +66c—85-F)]

Fullsimplify[((b—a)t (66c-26c>+86f+ascsf+ (a+h) (9-96c+268c*+56f-56c6f)) +

b-a)t (3 (-2 b) ¢ + 8 &6F
(9—35c+166f)p3)/(2(9—36c+55f))/.pB->( )t (3(-2+a+b) 5c+ )]

9
1

5 (@-b) (-8+5a+5b) tof

11—8 (a-b)t (3 (a+b) (-3+6c) - 16 &5f)

Firm A’s reaction function in this range consists of the line segment between the following two
points:

1 1
(; (a-b) (-8+5a+5b) t&f, "5 (b-a)t ((a+b) (9-66c+55f) +66c—85f)),

1 (b-a) t (3 (-2+a+b) 6c +86F)
(E(a—b)t(3(3+b) (-3 + &¢) - 16 5F), )

9

Firm B’s reaction function in this range is

Ps (((b-a) (2—a—b))t(9+25c2—45f+6c (-9+26F)) + (9-35c-25f) pa)

7 2 (9-36c-6f)
This is applicable for the following range of p4

(b-a)t (18 + (a+b) (9-65c+26f) - 85f) (b-a)t (18 -3 (a+b) (5c - 6f) - 8 6F)
2pa2
9 9

Note that if p, is larger than the left-hand side value of the inequality, Firm B chooses the
following pp, which just leads to z=0.
(b-a) t ((a+b) (3-26c) +26c)
3

Ps = Pa -

We check the endpoints of Firm B’s reaction function in the range of p,, based on the above
inequalities. Substituting the minimum and maximum values of p, into Firm B’s reaction
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function, we obtain the endpoints (vectors) of Firm B’s reaction function in the (p4, pg) coordi-
nate system:

FullSimplify[
m(((b-a) (2—a—b))t(9+26c2—46f+6c (-9+268F)) + (9-36c-25F) pa) /.
- C -
(b-a) t (18-3 (a+b) (6c - &5F) - 8 56f) ]
9

Pa -

Fullsimplify[ (((b-a) (2-a-b)) t (9+26c2—46f+6c (-9+26f)) +

2 (9 -36c-6F)

(9-36c-25F) pa) /. pa~

(b-a) t (18 + (a+b) (9 -66c+25f) —86f)]
9

—% (a-b)t (3 (-4+a+b) (-3+6c)+2 (-8+3a+3b)sf)
-% (a-b)t (9-36c+ (-4+a=+b) 5f)

Firm B’s reaction function in this range consists of the line segment between the following two

points:

((b—a) t (18 -3 (a+b) (6c - 6F) - 8 6F)
9

B

1
& (a-b)t (3 (-4+a+b) (-3+68c) +2 (-8+3a+3b) &) |,

(b-a)t (18+ (a+b) (9-65c+26f) -85f) 2
( ,——(a—b)t(9—36c+(—4+a+b)6f))
9 9
Note that if the following inequality,
(b-a)t (18 + (a+b) (9 -65c +25F) - 8 5F)

9

< Pas

holds, then Firm B chooses the following pg, which just leads to z=0.

(b-a)t ((a+b) (3-26c) +26¢)
3 .

P = Pa -

The reaction function of firm B leading to z=0 consists of the line segment connecting the
following two points.
((b—a) t (18 + (a+b) (9 -65c+25f) -85F)

9
((b—a)t (18 + (a +b) (9-66c+25f) - 85F)

9

2
s (a-b)t (9-36c+ (-4+a+b) 5f)),

2
+k, -— (a-b) t (9-36c+ (-4+a+b) 5f)+k),
9

where £ is a (sufficiently large) positive constant.

(Caseii) (a+b)/4<z<(2+a+Db)/4

Firm A’s reaction function in this range is

pa> ((9+36c-106f) pg+ (b-a) t ((a+b) (9-6c*-86F+4a6cs6f) +2 (36c+6c”+a6f-26csf)))/
(2 (9+36c-56F))

This is applicable for the following range of pp

(b-a)t (3 (a+b) (26c-6f) -2 (36c-45f)) (b-a) t (3 (a+b) (26c-5f) +2 (9-6F))

9 < Pecs 9
We check the endpoints of Firm A’s reaction function in the range of pp (see the inequalities
above). Substituting the minimum and maximum values of pg into Firm A’s reaction function,



CM-Appendix-RIO.nb |17

we obtain the endpoints (vectors) of Firm A’s reaction function in the (p,4, pg) coordinate
system:
FullSimplify[

((9+36c-106f) pg+ (b-a)t ((a+b) (9-6c>-86Ff+46csf) +2 (36c+sc’+46f-26c6f)))/

b-a)t (3 b) (26c - 6F) -2 (3 6¢ - 4 6F
(2(9+36c—56f))/.p3—>( at3@+h ( ; ) -2 (35¢ ))]

Fullsimplify[((9+36c—10 5F) pg +
(b-a)t ((a+b) (9-6c>-86f+46csf)+2(36c+sc’+a6f-26c6f)))/
(b-a) t (3 (a+b) (26¢c-6f) +2 (9—6'F))]
9

(2(9+36c-56f)) /.pg~

7% (a-b)t (3 (a+b) (3+6¢) -2 (-8+3a+3b)&F)
-% (a-b)t (3 (2+a+b) (3+5¢c) -2 (2+3a+3b)sf)

Firm A’s reaction function in this range consists of the line segment between the following two
points:

1
(-— (a-b)t (3 (a+b) (3+6c) -2 (-8+3a+3b) &f),

18

(b-a) t (3 (a+b) (26¢c-6F) -2 (36¢c-46F))
9

B

1 (b-a)t (3 (a+b) (256c-56F) +2 (9-5F))
(_E(a_b)t(3(2+a+b) (3+6c) -2 (2+3a+3b) 6f), 5 )
Firm B’s reaction function in this range is
pe—> ((b-a)t(2(9+36c-45f+26csf) + (a+b) (—9+6c2+86f—46c6f)) + (9 + 3 6c - 10 6f) pA)/

(2 (9+36c-56F))

This is applicable for the following range of p

(b-a)t (6 (1-a-b) 6c+ (2+3a+3Db) 6f) (b-a)t (18+6 (2-a-b) 6c- (8-3a-3b) &)
9 <Pac 9
We check the endpoints of Firm B’s reaction function in the range of p, (see the inequalities
above). Substituting the minimum and maximum values of p, into Firm B’s reaction function,
we obtain the endpoints (vectors) of Firm B’s reaction function in the (p4, pp) coordinate
system:
Fullsimplify[
((b-a)t(2(9+36c-46f+26csf) + (a+b) (—9+6c2+86f—46c6f)) +(9+36c-106F) pa)/
(b-a)t (6 (L-a-b)sc+ (2+3a+3b) &5f)
; ]
Fullsimplify[((b—a) t(2(9+36c-46f+25c6f) + (a+b) (—9+6c2+86f—46c6f)) +

(2(9+36c-56f)) /.pa~

(9+36c-106F) pa) /(2 (9+36c-506f)) /.
(b—a)t(18+6(2—a—b)6c—(8—33—3b)6ﬂ]

Pa—
9
% (a-b)t (3 (-2+a+b) (3+6¢c) -2 (2+3a+3b) &f)
% (a-b)t(3(-4+a+b) (3+5C) -2 (-8+3a+3b)sf)

Firm B’s reaction function in this range consists of the line segment between the following two
points:
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B

((b—a)t(G (1-a-b) c+ (2+3a+3b) &f)
9

1
E(a—b)t(S (-2+a+b) (3+6c)-2(2+3a+3b) 6‘F)),

3

((b—a)t (18+6 (2-a-b) 6c- (8-3a-3b) 6f)
9

1
E(a—b)t(S (-4+a+b) (3+6c)-2(-8+3a+3b) 6'F))

(Caseiii) (2 + a + b)/4=<1=<z

Firm A’s reaction function in this range is

(9-36c-265f)py (b-a) (a+b)t ((3-6c) (3-26c) -2 (2-65c) 5f)
+

2 (9-36c- &) 2 (9 -3 5¢ - 6f)

Pa -

This is applicable for the following range of pp
(b-a)t (4(9-36c-6f) - (a+b) (9-66c+25f))

9
(b-a) t (2 (9-36c-6F) +3 (a+b) (6c-5f))

9

Ps 2

Note that if pp is larger than the left-hand side value of the inequality, Firm A chooses the
following p 4, which leads to z=1.
(b-a)t ((a+b) (3-26¢c) -2 (3-6c))

. .

Pa— P +

We check the endpoints of Firm A’s reaction function in the range of pp (see the inequalities
above). Substituting the minimum and maximum values of pp into Firm A’s reaction function,
we obtain the endpoints (vectors) of Firm A’s reaction function in the (p4, pp) coordinate

system:
9-36c-26F b - byt ((3-6 3-26c) -2 (2-6c) 6f
FullSimplify[( C ) Ps . (b-a) (a+b) t (( c) ( c) ( c) of) /.
2 (9 -3 6¢ - 5F) 2 (9 -3 8¢ - 6f)
(b-a) t (2 (9-36c-6F) +3 (a+b) (6¢c-6f))
Ps = ]
9
9-36c-26F b - b) t ((3-6 3-26c) -2 (2-6c) 6f
FullSimpli'Fy[( C ) Ps . (b-a) (a+b) t (( c) ( c) ( c) 6f) /.
2 (9 -3 8¢ - 5F) 2 (9 -3 8¢ - 6f)
(b-a)t (4 (9-36c-6Ff) - (a+b) (9-66c+26F))
Ps = ]
9
%(a—b)t(3(2+a+b) (-3+6¢c) +2 (2+3a+3b) &6f)
g(a—b>t(—9+35c+(2+a+b) 6f)

Firm A’s reaction function in this range consists of the line segment between the following two
points:

1
(E (a-b)t(3(2+a+b) (-3+6c)+2(2+3a+3b) &),

(b-a) t (2 (9-36c-6&F) +3 (a+b) (6c-56f))
9

3

b - - - 6f) - b - f
(2(a_b)t(_9+35c+(2+a+b)5ﬂ,( a)t (4(9-36c-6f) - (a+b) (9 65c+26)))

9
Note that if the following inequality,
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(b-a)t (4 (9-36c-6F) - (a+b) (9-66c+26F))
9

< Pss

holds, then Firm A chooses the following p 4, which leads to z=1.
(b-a)t ((a+b) (3-26c) -2 (3-6c))
; .

Pa— Ps +

The reaction function of firm A leading to z=1 consists of the line segment connecting the
following two points.

2 b - t (4 (9-36c-6f) - b) (9-66 26f
(; (a-b) t (-9+36c+ (2+a+b) 6f), b-at@l < ) - (@+D) ( i ))),

9
(b-a)t (4 (9-36c-6F)-(a+b) (9-66c+26fF)) k]
+ >

9

2
[; (a-b)t (-9+36c+ (2+a+b) 6f) +k,

where £ 1s a (sufficiently large) positive constant.

Firm B’s reaction function in this range is

(9 - 36c +105F) py

2(9-36c+56f)

((b-a) t (2 (3-6c) (3-8c+36F) - (a+b) ((3-8c) (3-268c) +5 (1-6¢c) 6F)))/
(2 (9-36c+586f))

Ps =

This is applicable for the following range of p,4
(b-a)t ((a+b) (9-66c+56f) -2 (9-36c+6F)) (b-a)t (86F-3(a+b) &¢c)
< Pa<
9 9

We check the endpoints of Firm B’s reaction function in the range of p, (see the inequalities
above). Substituting the minimum and maximum values of p, into Firm B’s reaction function,
we obtain the endpoints (vectors) of Firm B’s reaction function in the (p4, pp) coordinate
system:
(9 - 3 6¢ + 10 5F) p,
2 (9-36c+56f)
((b-a) t(2(3-6c) (3-86c+36f) - (a+b) ((3-6c) (3-26¢c) +5 (1-6c) 6)))/

(b-a)t ((a+b) (9-66c+568f) -2 (9-36c+5f)) ]

9

FullSimplify[

(2(9-36c+565F)) /.pa~

(9-36c+106F) py

2 (9-36c+56fF) *

((b-a) t (2 (3-6¢c) (3-6c+36F) - (a+b) ((3-6c) (3-26¢c) +5 (1-6¢c) 6F)))/
(b-a)t (86f-3 (a+b) 6c)]

Fullsimplify[

(2(9-36c+56F)) /.pa~

9
1
g (a-b) (-2+52+5b) tof
—% (a-b)t (3 (-2+a+b) (-3+65c) +1665F)

Firm B’s reaction function in this range consists of the line segment between the following two
points:

((b—a)t ((a+b) (9-66c+56Ff) -2 (9-36c+6F))

9
((b—a)t (8 6f-3 (a+b) 6¢)

9

1
, -— (a-b) (—2+5a+5b)téf],
9

1
) _E (a-b) t (3 (-2+a+b) (-3+6¢c) +166'F)]
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Because each firm’s reaction function consists of three different pieces, we need to derive the
‘true’ reaction function by checking when the firm’s profit obtains a global, rather than, local
maximum.

From here on, we assume that the discount factors are common 6. We set the following :

5f=6

5

s5c=6

5

From Firm A’s reaction function derived above, we check the endpoints of each of the three line

segments corresponding to the three cases: (i)0<z<(a+b)/4, (ii) (atb)/4<z<(2+atb)/4, (iii)
(2+atb)/4=<z<1.

(Case 1): The first endpoint below locates the left-hand side of Firm A’s reaction function, and
the second endpoint below locates the right-hand side of Firm A’s reaction function in period 1.

1 1
c1aL=Simplify[{— (a-b) (-8+5a+5b) t6f, -— (b-a) t ((a+b) (9-66c+55F) +66c—85f)}]
9 9

claR = Fullsimpli-Fy[

(b-a) t (3 (-2+a+b) 6c +86F)
HI

1
Factor[{; (a-b)t (3 (a+b) (-3+6¢c) - 16 5f), 5

{% (a-b) (-8+5a+5b) ts, -% (ca+b)t (—(a+b) (-9+6) —25>}

1 1
{ﬁ (a-b)t (-9 (a+b)+ (-16+3a+3b)5), -5 (a-b) (2+3a+3b>t5}

Case (ii): The first endpoint below locates the left-hand side of Firm A’s reaction function, and
the second endpoint below locates the right-hand side of Firm A’s reaction function in period 1.

1
c2al = Fullsimplify[Factor[{-— (a-b)t (3 (a+b) (3+6c) -2 (-8+3a+3b) sf),
18

(b-a)t (3 (a+b) (26¢c-5f) —2(36c—45f))}”
9

1
c2aR=Simplify[{—— (a-b)t (3(2+a+b) (3+6c) -2 (2+3a+3b) 6f),
18

(b-a) t (3 (a+b) (26c—6f)+2(9—6f))}]
9

1 1
{E (@a-b)t (-9 (a+b)+(-16+3a+3b)05), - (a-b) (2+3a+3b>t5}

{% (a-b)t(3a(-3+68)+3b(-3+6)-2(9+68)), % (ca+b)t (18+ (-2+3a+3b) 5)}

As shown above, the left endpoint of Firm A’s reaction function in (Case ii) coincides with the
right endpoint of Firm A’s reaction function in (Case 1). That is, Firm A’s reaction function is
continuous in (Case i) and (Case ii).

(Case iii): The first endpoint below locates the left-hand side of Firm A’s reaction function, and
the second endpoint below locates the right-hand side of Firm A’s reaction function in period 1.
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1
c3aL=Simplify[{E (a-b)t (3 (2+a+b) (-3+6c) +2 (2+3a+3b) &),

(b-a) t (2(9-36c-5f) +3 (a+b) (6c—6f))}]
9

2
c3aR=Simplify[{— (a-b)t (-9+36c+ (2+a+b) 6f),
9

(b-a)t (4 (9-36c-6f) - (a+b) (9—65c+26f))}]
9

{% (a-b)t (3 (2+a+b) (-3+6)+2(2+3a+3b)35), % (a-b)t (79+45)}

{g (a-b)t (-9+ (5+a+b)s), -% (a-b) (-4+a+b>t(_9+45)}

At this stage, we cannot say if Firm A’s reaction function is also continuous in (Case ii) and
(Case iii). We will come back to this shortly. Note that the left endpoint in (Case iii) corre-
sponds to (2+a+b)/4=z.

(Case iii)’: When z=1, the reaction function of Firm A consists of the segment connecting the
following two points.

c3dal = Simplify[

(b-a)t (4 (9-36c-5F) - (a+b) (9—66c+26f))}]

2
{— (a-b)t (-9+36c+ (2+a+b) &),
9 9

2
c3daR = Simplify[{; (a-b)t (-9+36c+ (2+a+b) &) +k,

(b-a) t (4 (9-36c-5f) - (a+b) (9-66c+26F)) k}]
+
9

{g (a-b)t (-9+ (5+a+b)s), 7% (a-b) (—4+a+b)t(f9+46)}

{k+§ (a-b)t (-9+ (5+a+b) o), k—%(a—b) (-4+a+b) t (—9+45)}

where £ is a sufficient large positive number (to keep p4 at the monopoly price leading to z=1).
Next, from Firm B’s reaction function derived above, we check the endpoints of each of the

three line segments corresponding to the three cases: (1)0<z=<(a+b)/4, (ii) (a+b)/4<z<(2+atb)/4,
(iii) (2+at+b)/4=<z<l.

(Case 1): The first endpoint below locates the left-hand side of Firm B’s reaction function, and
the second endpoint below locates the right-hand side of Firm B’s reaction function in period 1.
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b-a) t (18-3 (a+b) (6c - 6f) -86fF
c1bL=Simp1:i.-Fy[{( )t ( ( +9)( ) )

1
- — (a-b)t(3(-4+a+b) (-3+6c) +2 (-8+3a+3b) af)}]
18

b-a)t (18+ (a+b) (9-66c+265f) -86fF
c1bR = Simplify[{ ¢ )t 38+ (a+h) ( M ) ) R
9

2
-Z (a-b)t (9-36c+ (-4+a+b) 5f)}]
9

(a-b)t (-9+465), 7% (a-b)t (36+9a (-1+6)+9b (-1+6) —285)}

{
{

VlRr VN

(a-b) (2+a+b)t (-9+45), -é (a-b)t (9+ (-7+a+b) 5>}

(Case 1)’: When z=0, The reaction function of Firm B consists of the segment connecting the
following two points.

cldblL =
b-a)t (18+ (a+b) (9-66c+26F) -86F) 2
Simplify[{( )t(a8+@+h ( +2460) ),——(a—b)t(9—36c+(—4+a+b) af)}]
9 9
b-a)t (18 a+b) (9-66c+26f) -86F
c1dbR=Simplify[{( )t 38+ (a+h) ( +201) ) ik,

9

2
-=(a-b) t (9-36c+ (-4+a+b) 5F) +k}]
9

(a-b) (2+a+b)t (-9+45), -% (a-b)t (9+ (-7+a+b) 5>}

O~

{

{k+% (a-b) (2+a+b)t (-9+468), kfg (a-b)t (9+ (-7+a+b) 5)}

where £ is a sufficient large positive number (to keep pp at the monopoly price leading to z=0).

Case (ii): The first endpoint below locates the left-hand side of Firm B’s reaction function, and
the second endpoint below locates the right-hand side of Firm B’s reaction function in period 1.
(b-a)t (6 (1-a-b) 6c+ (2+3a+3b) 6f)

c2bL = Fullsimplify[{ . s

1
— (a-b)t (3 (-2+a+b) (3+6c) -2 (2+3a+3b) 6f)}]
18

b-a)t (18+6 (2-a-b) 6c- (8-3a-3b) 6f
c2bR=Simplify[{( AL ( 9) ( ) ),

1
— (a-b)t (3 (-4+a+b) (3+6C) -2 (-8+3a+3b) 6f)}]
18

{% (a-b) (-8+3a+3b) ts, 7% (a-b)t (-9 (-2+a+b)+ (10+3a+3b) 5)}

{% (a-b) t(-18+ (-4+3a+3b) o), —% (a-b)t (-4 (-9+6) +3a(-3+05) +3b(—3+5>)}

At this stage, we cannot say if Firm B’s reaction function is continuous in (Case 1) and (Case ii).
We will come back to this shortly. Note that the left-hand endpoint in (Case 1) corresponds to
(atb)/4=z.

(Case iii): The first endpoint below locates the left-hand side of Firm B’s reaction function, and
the second endpoint below locates the right-hand side of Firm B’s reaction function in period 1.
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c3bL =
(b-a)t ((a+b) (9-66c+56f) -2 (9-36c+68fF))
9

Simplify[{ s -3 (a-b) (-2+5a+5b) taf}]

c3bR = FullSimplify[
(b-a) t (85F-3 (a+b) &c)
9

Factor[{ s -% (a-b)t (3 (-2+a+b) (-3 +6¢C) +16 6'F)}”

{% (a-b)t (18+a (-9+6) +b (-9+68) -45), 7% (a-b) (—2+5a+5b)t6}

{% (a-b) (-8+3a+3b)ts, -% (a-b)t (-9 (-2+a+b)+ (10+3a+3b) 5>}

We find that the left endpoint of Firm B’s reaction function in (Case ii) coincides with the right
endpoint of Firm B’s reaction function in (Case iii). That is, Firm B’s reaction function is contin-
uous in (Case ii) and (Case iii).

The exact shape of the above reaction functions depends on various parameters of the model and
the values of (a, b) that are given at this stage. In what follows, we show first that, for any values
of (a, b), each firm’s reaction function has one discontinuity point. Second, we show that the
two reaction functions intersect only in (Case ii) given the restrictions on a + b and ¢ stated in
Proposition 1. This shows that the equilibrium is possible only in (Case i1). We then show that
the unique location equilibrium leading to the pricing equilibrium corresponding to (Case ii) is
givenbya=0,b=1.

We start by deriving Firm A’s ‘true’ reaction function illustrating the discontinuity using various
examples. We repeat the same for Firm B’s ‘true’ reaction function. Calculations in the two
parts are quite messy. If necessary, readers can refer to various figures provided, and skip the
calculations to jump directly to the third part, where we show the pricing equilibrium in the first
period is possible only in (Case ii).

For illustrative purposes, we start with an example where we seta=0,b=1,t=1,and 6 = 1/2.
a=0

b=1

6=1/2

=1

1

[l Y = ® X
1]

[ay

First, we plot Firm A's reaction function corresponding to the three cases.
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Plot[{x- (-3a’t+3b’t-4atsc+3a’téc+4btsc-3b’tésc) /6,
x+(b-a)t(6+3a(-1+6c) +3b (-1+6c) —26C)/6}, {x, 0, 3},
Epilog -» {Line[{claL, claR}], Line[{c2aL, c2aR}], , Line[{c3aL, c3aR}],
Line[ {c3daL, c3daR}], Text[" (iii)'", {1.6, 2.7}], Text["(iii)", {1.1, 1.95}],
Text["(ii)", {1.2, 1.4}], Text["(i)", {0.75, 0.18}]}, PlotRange » {0, 3},
LabelStyle » (FontSize -» 14), AxesLabel - {"p,", "ps"}, AspectRatio- 1, PlotStyle-aDotDashed]

Ps
3.0r

2.5

1.5F

1.0

0.5

1.0 1.5 2.0 2.5

00 05 T30 7

As shown above, for some pp, there are two local optimal prices for Firm A.

We can show that the multiplicity of local optimal prices always appears.

Clear[a, b, &, t, k]

To show the multiplicity, we check the locations of the three endpoints: The right-hand endpoint
in (ii) (c2aR), the left-hand and right-hand endpoints (c3aL and c3aR) in (iii) (see below)

c2aR

c3aL

c3aR

{% (a-b)t(3a(-3+6)+3b(-3+5)-2(9+6)),

O =

(ca+b)t (18+ (-2+3a+3b) 5)}

{% (a-b)t (3(2+a+b) (-3+8)+2(2+3a+3b)s), g (a-b)t (-9+45)}

1

{g (@a-b)t (-9+(5+a+b)o), 5 (a-b) (—4+a+b)t(—9+46)}

First, we compare the elements of the right-hand endpoint in (ii) and the left-hand endpoint in

(iii):
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1
Factor‘[; (a-b)t(3a(-3+6) +3b (-3+6)-2(9+6)) -
1
E(a—b)t(B (2+a+b) (-3+6) +2 (2+3a+3b) 6)]
1 2
Factor[; (-a+b) t (18+ (-2+3a+3b) §) -~ (a-b) t (-9+45)]

-% (a-b) (2+a+b)ts

—% (a-b) (2+a+b)to

The outcome means that for any a€[0,1], b€[0,1] (a=b), t, and 6, the right-hand endpoint in (ii)
is located above the left-hand endpoint in (iii) as in the above Figure.

Second, we compare the pg-elements of the right-hand endpoint in (ii) and the right-hand end-
point in (iii):

1 1
Factor‘[; (-a+b) t (18+ (-2+3a+3b) &) - (-; (a-b) (-4+a+b) t (-9+45)]]

%(a—b)t(18—9a—9b—145+a5+b5)

The pp-element of the right-hand endpoint in (ii) larger than that of the right-hand endpoint in

(i11) if and only if

2(9-76)
9-6

<a+b

If 2—(2:%1 > a + b, we simply compare the reaction function in (ii) and the reaction function in

(iii); If 23291 < a + b, in addition to the previous comparison, we also compare the reaction

function in (ii) and the reaction function in (iii)’.

2(9-76)

PlotBD[g— , {6, 0,1}, {g, @, 2}, PlotRange - {0, 1.5}]

10!
05}

0.0%
00

0
1.0

We need to find the global optimal price of Firm A, p,, when there are two local optima for a
given pp. There is a price pp such that choosing the reaction function in (ii) and choosing the
reaction function in (iii) or the reaction function in (iii)* are indifferent for Firm A. This pp is
the threshold for which choosing the reaction function in (ii) is preferred by Firm A if pp is



26 | CM-Appendix-RIO.nb

smaller than this threshold; otherwise, choosing the reaction function in (iii) is preferred by Firm
A. We need to find the threshold value of pg.

To check the threshold value of pp for Firm A’s reaction function, we derive the profits under
cases (ii), (ii1), and (iii)’.
The interior profit of firm A under case (ii) for pp is

1
Factor‘[pAz+6-F— (b-a)t (2+2a+a*+2b+2ab+b>-8z-2az-2bz+102%) /.
9

3 (Ps - Pa) +((-’=\+b) (3-6c) +26¢)
2 (b-a)t (3+6c) 2 (3 +6¢c)
((9+36c-1065f) pg+ (b-a) t ((a+b) (9-6c*-86Ff+46csf) +2 (36c+sc’+a6f-26c6f)))/

/. {pA—)

Z->

2 (9+36c—56f))}]

1
72 (a-b) t (-9+26)

(81a*t?-162a’b’t* +81b*t* + 1442’ t? 5+ 108a° t? 6 -18a* t? 6 - 288abt’ 5 -108a’bt’ 6 +
144b*t?5-188ab’t’6+36a’b*t?5+108b3t2 5-18b*t26-28a’t> 6% -12a°t? 6% +
9a*t25%2+56abt?62+12a%bt?5%-28b2t25%+12ab?t?5%-18a%b2t2 52 -12b3t2 5% +
9b*t? 6% -162a tpg+ 162b* tpg+36at Sps+90a° t 5pg - 36 bt 5pg - 90 b* t 6 pg + 81 pj)

The interior profit of firm A under case (iii) for pp

-3pa+3pg-3a’t+3b*t+2a’tsc-2b2téc
2 (a-b) t (-3+6c)

(9-36c-26Ff)pyg (b-a) (a+b)t ((3-6c) (3-26¢c) -2 (2-65c) &F)

2 (9-36c-6f) * 2 (9-36c - &f) ]

1
Factor‘[pAz+6-F (— (b-a)t(@a+b+22)%|/.z>
18

Pa -

~((-9a*t?+18a°b?t*-9b*t? +4a*t’ 5 -8a’ b’ t? 6 +4b* tP 6 +
18a’tps-18b°tps-8a’topy+8b°tops-9ps) /(8 (a-b)t (-9+46)))

We derive the threshold value of pg by finding pp that equalizes the above two profits:

Fullsimplify[

Solve[{ ! (81a*t*-162a%b?t? + 81b* t* + 1442’ t? 5+ 108 a° t2 6 - 182" t2 65 -
72 (a-b) t (-9+25)
288abt?’5-108a’bt?6+144b*t?6-108ab’t>5+36a°b*t? 6+ 108 b3 t? 5 -
18b*t?56-28a%t?5%-12a1? 6% +9a*t? 62 +56abt? 6% +12a’bt? 6% -
28b%t2s6%+12ab’t?6%-18a’ b2 t?62-12b° t2 62+ 9b* t? 62 -162a% tpg +
162b’ tps+36atsp; +90a’t65ps -36bt 6ps -90b* t 6 pg + 81py) ==
-((-9a*t>+18a’b’t*-9b* t?+4a*t’6-8a’b’t? 5+ 4b* t? 6+ 18a% tpy -

18b2tps-8a’t6ps+8b>t6pg-9p2) /(8 (a-b)t(-9+45)))}, pB]]

Hpsa—it<-9+45> 2a5+3a26—2b6—3b26+3(—9+25>J

186

(a-b)2 (2+a+b)2s? }
(-9+26) (-9+46) ?

{p,ﬁ Lt 9ias

2a6-3a’6+2b&+3b%°6+3 (-9+26)
18 5

(a-b)2 (2+a+b)2s> }}
(-9+26) (-9+46)

We can easily show that the former outcome is negative. So, we use the latter one.
We simplify the expression of the latter outcome, and obtain the following pj:
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t(9-46) (b-a) [3 (2+a+b) [:2:‘: —(2+3a+3b)]

ps - (pbl)
18

We rewrite the locations of the two endpoints: The right-hand endpoint in (i), the right-hand
endpoints in (iii) (see below)

c2aR

c3aR

{% (a-b)t (3a(-3+5)+3b(-3+58)-2(9+6)),

0|

(-ca+b)t (18+ (-2+3a+3b) 5>}

{g (a-b)t (-9+ (5+a+b)s), 7% (a-b) (-4+a+b)t (79+45)}
We check the condition that the derived pp (pb1) is below the pg-element of the right-hand

endpoints in (iii).

Simplify[Factor[
t(9-46) (b-a) [3 (2+a+b) ::Z -(2+3a+3b) ]
1
_Z(a-b) (-4+a+b)t (-9+46) - ]]
9 18
—i—w—b)t 10+a|-1+3 | 2229 +b1+3J925 6J925 (-9 +46)
18 9-46 9-45 9-45
This is positive if and only if the following inequality holds
[ 9- 9-26
(a+b) |[-1+3 <10-6
9-45 9-45
9-25 9-25
Plot[[le-s ]// [-1-+3 ], (5, 0, 1}]
9-46 9-46
0%2 ‘ ‘ ‘ 0%4 ‘ ‘ ‘ 0%6 ‘ ‘ ‘ 0%8 ‘ ‘ ‘ 1.0
If (a+b) (—1 +34) 222 ) <108 - 6/ 522 holds, the derived pp (pbl) is on the interval

between the left-hand and right-hand endpoints in (iii). Otherwise, the reaction function in (ii) is
always better than the interval between the left-hand and right-hand endpoints in (iii).

Now we derive the profit of firm A under case (iii)’ for pg
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-3pa+3ps-3a’t+3b*t+2a’tsc-2b2tsc y
2 (a-b) t (-3+6¢)

1
Factor‘[pAz+6-F (E (b-a) t (a+b+22)2] /.zZ-

(b-a)t((a+b) (3-26c) -2 (3-6c))
Pa- P8 + ]

3

% (36at-18a°t-36bt+18b*t-16ato+

8a’ts-a’ts+16bts-a’bts-8b°tS+ab’to+b’ts+18pg)

We derive the threshold value of pg by finding pjp that equalizes the two profits in cases (ii) and
(iii)’:
Fullsimplify[

1
72 (a-b) t (-9+26)
288abt’5-108a’bt*5+144b*t*6-108ab’t?6+36a° b’ t25+108b> t? 5 -
18b*t25-28a%t?26%-12a%1t?6%+9a*t? 62 +56abt? 562 +12a’bt?s° -
28b%t26%+12ab’t?6%-18a% b2 t? 62 -12b° t2 62+ 9b* t?2 5% - 162a% t pg +
162b’tpy+36atsps +90a’t 6ps-36bt 6ps - 90 b’ t 6 pg + 81 p;) =

solve|{ (81a%t?-162a%b?t? +81b* t? + 144 2% t? 6+ 108 2> t2 5 - 18 a* t2 6 -

1
— (3Gat—18a2t—36bt+18b2t—1Gat5+8a2t6-a3t6+16bt6—
18

azbt6—8b2t6+ab2t6+b3t6+18p5)}, pB”

{{pga—% (a-b)t|-9(-4+a+b)+ (-6+5a+5b) &

18\/(2+a+b) (4+a+b) s +45\/(2+a+b) (4+a+b) s

1
T a-b)t
9426 94265 }’ {p“ g (@70

(-2+a+b) (4+a+b) o _46\/(—2+a+b> (4+a+b) s }}

36-9a-9b-66+5(a+b) 6+18
~9:+256 -9+206

We pick up the first outcome as the threshold pp.

1
pg - -— (a—b)t[—9 (-4+a+b) + (-6+5a+5b) 6 -
9

18\/(—2+a+b) (4+a+b) s +45\/(—2+a+b) (4+a+b) 6

(pb2)
-9+26 -9+26

We check the condition that the derived pg (pb2) is above the pg-element of the right-hand
endpoints in (iii).

(-2+a+b) (4+a+b) s
-9+26

1
Simpli-Fy[Factor[—— (a-b) t [-9 (-4+a+b) + (-6+5a+5b) 5—18\/
9

(-2+a+b) (4+a+b) S 1
4s -(-—(a-b) (-4+a+b)t(_9+45))]]
-94+26 9

(-2+a+b) (4+a+b) o J(—2+a+b> (4+a+b) o
+46

106+ad+bo-18
~9+256 -9+26

-% (a-b)t

Denoting a+b by g, we check the value between the largest parentheses:
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2 4+8) 6 -2 4+g)6
Plot3D[{106+g6—18\/( +8) (4+8) +45\/( *8) (4+8) ],

-9+26 -9+26

(5, @, 1}, {g, 9, 2}, PlotRange - {0, 10}]

1.[-}.: )
We check the condition that the value between the large parentheses is positive:

2 4+g) 6 -2 4+g) 6
Solve[[106+g6—18\/( +8) (4+8) +45\/( +g) (4+8) ]:e, g]

-9+26 -9+26

-6/81- \V81-545+865%
Hgéz(mm 6 V81 546+862)}, {g%2(18+6+6 81 546+862)}}

-36+76 -36+796
2(18+6-6'\/81—546+862)
Ifg=a+b> s
-36+76

the derived pg (pb2) is above the pg-element of the right-hand endpoints in (iii).

This coincides with the following condition that the derived pg (pb1) is above the pp-element of
the right-hand endpoints in (iii).

2 (-18-6+6\/81-546+862]

36-76

PlOt[ » {6, 0, 1]‘]

1 n n n 1 n n n 1 n n n 1

0.2 0.4 0.6 0.8 1.0

2 (—18—6+6 < 81-545+8 62 )

36-70

If(a+b)< holds, the threshold pjp is on the line segment between the



30| CM-Appendix-RIO.nb

left-hand and right-hand endpoints in (iii). The threshold is given as

3(z+a+b)J§§§-a+3a+3m]

18

t(9-46) (b-a)

Ps - (pb1)

For the threshold value of pp (pbl), the point of p-element in Firm A’s reaction function in (ii)

is
Simplify [Expand [pA -
((9+36c-106f) pg+ (b-a) t ((a+b) (9-6c*-86Ff+46csf) +2 (36c+sc’+46f-26c6f)))/
t(9-46) (b-a) F(2+a+b)ﬂliﬁ -(z+3a+3m]
(2(9+36c-56f)) /.pg~ H
18
m_e———iL———(a-b)t 3a| 2781 | 2229 |51 g9 |2229 5+2 |-5+14 9-29 82 +
36 (-9 +26) 9-456 9-456
3b|-27+81 | 2229 L ls1-99 |2229 | 5.2 | 5:1a 82 +
9-46 9-456
9-2 9-2
2(81(-1+3 ©1_9|-254+33 ° -46 + 84 52
9-46 9-456

We simplify the above outcome, and obtain the following:

1
pan ———— (b-a) t
36 (9-26)

[(9-25) (-18+4656+3 (a+b) (-3+56)) +3 (2+a+b)
9-46

@1—996+286ﬂ]

We can define the jJumping point of Firm A’s reaction function in (ii) as c2jal

c2ja1={ (b-a)t

36 (9-26)

@1-995+28§)}

[(9—26) (-18+4656+3 (a+b) (-3+568)) +3 (2+a+b)
9-46

t(9-46) (b-a) F(2+a+b)4’iﬁ -(z+3a+3m]

18 }

{36 (917 26)

9-26
9-456

(a+b)t[3(2+a+b) B1—995+28§)+(9—26)«48+465+3(a+m (-3+568)) |,

9-256

i(—a+b>t
9-46

18

[—2—3a—3b+3(2+a+b)

w-45@

Also, for the threshold value of pp (pbl), the point of p4-element in Firm A’s reaction function

in (iif) is
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. (9-36c-26f)ps (b-a) (a+b)t ((3-6c) (3-26¢c) -2 (2-6¢c) 6F)
Slmpllfy[Expand [pA—> + /.
2 (9-36c - 6f) 2 (9-36c-6F)
t(9-46) (b-a) [3 (2+a+b) [:2:‘: - (2+3a+3b)]
Ps = s ”

(-9+50) +

1
1 9-26
— (a-b)t|2|-1+3
Pa= 3¢ (270) [ { 945
3.9 [2229 +6+5 9-29 5 3.9 [2229 +6+5 9-29 5
9-456 9-456 9-46 9-456

We simplify the above outcome, and obtain the following:

3a +3b

|

1 9-26
pa-> — (b-a)t {—2 (9-56) -3 (a+b) (3+6)+3(9-56) (2+a+b) ]
36 9-465
We can define the jJumping point of Firm A’s reaction function in (iii) as c3jal

-2(9-56) -3 (a+b) (3+68)+3(9-56) (2+a+b)

1
c3jal = {— (b-a) t
36

t(9-46) (b-a) [3 (2+a+b)4’::2i —(2+33+3b)]

9-26
9-46

18
1 la-256

{g (-a+b>t[-2 (9-56) +3 (2+a+b) (9-50) /272 -3 (a+rb) (3+0) |,
1 9-26

g (arbit|2-3a-3b+3(2vash) [T (9745)}

2 (—18—6+6 \ 81-545+8 62 )

If (a+b) = TRT

right-hand endpoints in (iii), that is, case (iii)’. The threshold is given as

holds, the threshold pjp is on the half-line starting from the

1
pB—>;(b—a)t(9 (4-a-b) - (6-5a-5b)6-2(9-26) (2-a-b) (4+a+b)6) (pb2)

For the threshold value of pp (pb2), the point of p-element in Firm A’s reaction function in (i)

is
Simplify[Expand[pAa

((9+38c-105f) pg+ (b-a) t ((a+b) (9-6c>-86F+46c6f)+2(36c+8c”+a6sf-26c6f)))/

(2 (9+36c-56F)) /.

1
P> 5 (b-a)t(g (4-a-b) - (6-5a-5b)5-24(9-26) (2-a-b) (4+a+b)6)]]
1

PA 5 s 25 (a-b)t (4(—3+a+b> 5249 (—18+\/(—8+a2+2b+b2+2a (1+b)) 6 (-9+26) )—

5(—90+18a+18b+7\/(—8+a2+2b+b2+2a (1+b)) 6 (-9+20) ))

We can define the jumping point of Firm A’s reaction function in (i) as c2ja2
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c2ja2 =

{-— (a—b)t(4 (-3+a+b) 62+9(—18+\/(—8+a2+2b+b2+23(1+b))6(-9+25) )-
9 (-9 +26)

6(-99+18a+18b+7\/(—8+az+2b+b2+23 (1+b)) 6 (-9+26) )),

1
;(b—a)t(Q (4-a-b) - (6-5a-5b)5-2(9-26) (2-a-b) (4+a+b)6)}

1
{m (a-b) t (4(—3+a+b) 62+9(—18+J(—8+a2+2b+b2+2a (1+b)) 6 (-9+26) | -

5(—90+18a+18b+7\/(—8+a2+2b+b2+23 (1+b)) 6 (-9+206) )),

%(—a+b>t(9 (4-a-b) - (6-5a-5b)5-2/(2-a-b) (4+a+b) <9-25)5)}

Also, for the threshold value of pp (pb2), the point of p4-element in Firm A’s reaction function
in (ii1)’ is
(b-a)t ((a+b) (3-26¢c) -2 (3-6c)) ,

3 .

Simplify [pA - pg +

1
Pa 5 (b—a)t(9 (4-a-b)-(6-5a-5b)6-2V(9-26) (2-a-b) (4+a+b)6)]

p,ﬁ% (a-b) t (-18+a5+b5+2\/(_8+a2+2b+b2+2a (1+b)) 6 (-9+20) )

We can define the jJumping point of Firm A’s reaction function in (iii) as c3jal

. 1 2 2
c33az={; (a-b) t (—18+aé+b6+2'\/(—8+a +2b+b?+2a (1+b)) 6 (-9+26) ),

1
;(b—a)t(Q (4-a-b) - (6-5a-5b)5-24/(9-26) (2-a-b) (4+a+b)6)}

b) t (—18+a5+b6+2\/(—8+a2+2b+b2+2a(1+b))6(—9+25) )

—
Ok Ok

QO

|

(-a+b)t (9(4-a-b)-(6-5a-5b)5-2V(2-a-b) (4+a+b) <9-25)5)}

Next we show various examples of Firm A’s true reaction function for different values of a, b, 9,
t, and k.

a=0
b=1
6§=1/2
=1
2

® ~ rt
n

[l N| R [l

N
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Plot[{x- (-3a’t+3b°t-4atéc+3a’téc+abtsc-3btsc) /e,

x+ (b-a)t(6+3a(-1+6c) +3b (-1+6c) -26c) /6}, {x, 0, 3}, Epilog-»{Line[{claL, claR}],

2 (—18—6+6'\/81—545+862)

36-76

2 (—18—6+6'\/81—545+862)

36-76

2 (—18—6+6\/81—545+862)

36-76
Text[" (iii)'", (1.6, 2.7}], Text[" (iii)", {1.1, 1.95}],
Text[" (ii)", {1.2, 1.4}], Text["(i)", {0.75, 9.18}]},

I-F[ a+bx< , Line[{c2aL, c2jal}], Line[{c2alL, c2ja2}] ] )

I-F[a+b< , Line[{c3jal, c3aR}], Line[{{0, 0}, {0, a}}]],

I-F[a+b< , Line[{c3daL, c3daR}], Line[{c3ja2, c3daR}]],

PlotRange - {0, 3}, LabelStyle » (FontSize - 14), AxesLabel -» {"p,", "ps"},
AspectRatio- 1, PlotStyle -» DotDashed]

PB

3.0

2.5}
2.0}
1.5}
1.0}

0.5]

2.5 3.0
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Plot[{x- (-3a’t+3b°t-4atéc+3a’téc+abtsc-3btsc) /e,

x+ (b-a)t(6+3a(-1+6c) +3b (-1+6c) -26c) /6}, {x, 0, 3}, Epilog-»{Line[{claL, claR}],

2 (—18—6+6'\/81—545+862)

36-76

2 (—18—6+6'\/81—545+862)

36-76

2 (—18—6+6\/81—545+862)

36-76
Text[" (iii)'", {1, 1.95}], Text[" (ii)", {1.1, 1}], Text["(i)", {0.78, 9.18}]},

I-F[ a+bx< , Line[{c2aL, c2jal}], Line[{c2alL, c2ja2}] ] )

I-F[a+b< , Line[{c3jal, c3aR}], Line[{{0, 0}, {0, a}}]],

, Line[{c3daL, c3daR}], Line[{c3ja2, c3daR}]],

I-F[a+b<

PlotRange -» {0, 3}, LabelStyle » (FontSize - 14), AxesLabel - {"p,", "ps"},
AspectRatio- 1, PlotStyle » DotDashed]

Ps
3.0j

2.0}

150

1.0F

=)

1]
N R R RO ST

® XA + 0 T O
n
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Plot[{x- (-3a’t+3b°t-4atéc+3a’téc+abtsc-3btsc) /e,

x+ (b-a)t(6+3a(-1+6c) +3b (-1+6c) -26c) /6}, {x, 0, 3}, Epilog-»{Line[{claL, claR}],

2 (—18—6+6'\/81—545+862)

36-76

2 (—18—6+6'\/81—545+862)

36-76

2 (—18—6+6\/81—545+862)

36-76
Text[" (iii)'", (1.1, 2.2}], Text["(iii)", {@.6, 1.5}],
Text[" (ii)", {1.28, 1.4}], Text["(i)", {@.88, 9.18}]},

I-F[ a+bx< , Line[{c2aL, c2jal}], Line[{c2alL, c2ja2}] ] )

I-F[a+b< , Line[{c3jal, c3aR}], Line[{{0, 0}, {0, a}}]],

I-F[a+b< , Line[{c3daL, c3daR}], Line[{c3ja2, c3daR}]],

PlotRange - {0, 3}, LabelStyle » (FontSize - 14), AxesLabel -» {"p,", "ps"},
AspectRatio- 1, PlotStyle -» DotDashed]

PB
3.0

2.5

(i),

1.5

(iii)

0.0 0.5
Clear[a, b, &, t, k]

We now turn to Firm B’s reaction function in the three cases.
As before, we start with an example by settinga=0,b=1,t=1,and 6 = 1/2.
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1 T
B R R RO
~
N

®© X + 00 T O
n

[ay

Ll SR

1

Plot[{x- (-3a’t+3b’t-4atsc+3a’tsc+4abtsc-3b’tsc) /s,
X+ (b-a)t(6+3a(-1+86c) +3b (-1+68c) -26c) /6}, {x, 0, 3},
Epilog -» {Line[{cl1dbL, c1dbR}], Line[{cl1bL, c1bR}], Line[{c2bL, c2bR}],
Line[{c3bL, c3bR}], Text["(iii)", {@.15, ©.85}], Text[" (ii)", {1.5, 1.35}],
Text["(i)", {2.2, 1.2}], Text["(i)'", {2.8, 1.7}]1}, PlotRange -» {0, 3},
LabelStyle » (FontSize -» 14), AxesLabel - {"p,", "ps"}, AspectRatio- 1, PlotStyleeDotDashed]

Ps
3.0

2.5

.
P

10 15 20 25 30™

0.0 0.5

We find that for some p 4, there are two local optimal prices for Firm B. We can show that the
multiplicity of local optimal prices always appears.
Clear[a, b, &, t, k]

To show the multiplicity, we check the locations of the three endpoints: The right-hand endpoint
in (i1) (c2bR) and the left-hand and right-hand endpoints in (i) (c1bL and c1bR) (see below)
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c2bR
clbL
clbR
{% (a-b)t (-18+ (-4+3a+3b) &), 7% (a-b)t (-4 (-9+65)+3a (—3+5)+3b(—3+5))}

2 1
{§ (a-b)t(-9445), -~ (a-b)t (36+9a(-1+5) +9b (-1+0) -285>}
1 2

{5 (a-b) (2+a+b)t (-9+45), -2 (a-b) t (9+ (7+a+b) 5>}

First, we compare the elements of the right-hand endpoint in (ii) and the left-hand endpoint in
(®):
1 2
Factor‘[; (a-b) t (-18+ (-4+3a+3b) &) "5 (a-b) t (-9+45)]
1
Factor[—g (a-b)t (-4 (-9+8) +3a(-3+6) +3b (-3+6)) -
1
(_E (a-b)t (36+9a (-1+6) +9b (-1+6) —286))]
(a-b) (-4+a+b)td

(a-b) (-4+a+b)ts

The outcome means that for any a[0,1], be[0,1] (a=b), t, and 6, the right-hand endpoint in (ii)
is located above the left-hand endpoint in (i) as in the above Figure.

Second, we compare the p4-elements of the right-hand endpoint in (ii) and the right-hand end-
point in (i):

1 1
Factor‘[; (a-b)t (-18+ (-4+3a+3b) &) -(; (a-b) (2+a+b)t(—9+46)]]

1
) (a-b)t (-9a-9b+1265+as+bd)

The p4-element of the right-hand endpoint in (ii) larger than that of the right-hand endpoint in
(1) if and only if

126

9-5

>a+b

If ;2,—2 < a + b, we simply compare the reaction function in (ii) and the reaction function in (i);

If % > a + b, in addition to the previous comparison, we also compare the reaction function in

(i1) and the reaction function in (i) .
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126
Plot3D| ——-g, {6, 9, 1}, {g, 9, 2}, PlotRange - {0, 1.5}]
9-6

1.0 2.0
05.'

0.0
00 710

0.5 05
10 7 0.0
We need to find the global optimal price of Firm B, pg, when there are two local optima for a
given p,4. There is a price p4 such that choosing the reaction function in (i) and choosing the
reaction function in (ii) are indifferent for Firm B. This p, is the threshold in which choosing
the reaction function in (i) is preferred by Firm B if p, is larger than the threshold p 4, other-

wise, choosing the reaction function in (ii) is preferred by Firm B. We need to find the threshold
value of p4.

To check the threshold value of p,4 for Firm B’s reaction function, we derive the profits under
cases (1) and (i1).
The interior profit of firm B under case (ii) for p4 is

1
Factor[pB (1-z)+6f—(b-a)t (8-4a+a’-4b+2ab+b’-8z-2az-2bz+102%) /.
9

3 (s - Pa) ((a+b) (3-6c) +26c)
Z- + /.
2 (b-a) t (3+6c) 2 (3 + 6¢)
1
{pB—> (-(a-b) t (18+66c - 85F +45¢ 5F +
2 (9 +3 6¢c -5 6f)

a(-9+6c*+86F-46c5f) +b (-9+56c’+86F-46c5F)) + (9+36c-106F) pa) }

1
72 (a-b) t (-9+26)
(324a°t*-324a°t?+81a" t* - 648abt’+324a°bt? +324b° t* + 324a b’ t* - 1622 b* t* -
324b3t2+81b%t?2+288a%t?5-36a t?65-18a%*t25-576abt?5+36a°bt?5+288b2t25 +
36ab?t?6+36a’b’t?6-36b3t25-18b*t265-16a’t? 6% -24a°t>6%+9a*t?62+32abt?5%+
24a2bt25%-16b2t2 5% +24ab’t2 52 -18a% b t2 52 - 24031252+ 9b* t2 5% -324atp, +
1623’ tpy+324btpy-162b°tpa+216at 5py-90a° t 5 py-216 bt & ps+90b° t 5 ps + 81 p;)

The interior profit of firm B under case (i) for pp
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1
Factor[pB (1-2) +6fF (E (b-a)t(-4+a+b+22)2| /.

z»> (-3a°t+3b’t-2atsc+2a’téc+2btsc-2b’téc-3pa+3ps)/ (2 (a-b)t(-3+6c)) /.
pe - (-(-2a+a’- (-2+b) b) t (9+25c* -45f+6c (-9+26F)) + (-9+36c+26f) pa)/
2 (—9+35c+6f))]

1
"8(a-b)t (-9+45)
(-36a*t>+36a’t?-9a*t?+72abt’-36a’bt’-36b*t*-36ab’t’+18a* b’ t* + 36 b> t* -
9b*t?+16at?s5-16alt?6+4a*t?6-32abt?5+16a’bt’5+16b2t25+16ab?t?5 -
8a’b?t?’6-16b°t°6+4b*t?5+36atpa-18a’tpa-36btps+
18b°tpy-16atopa+8a’topa+16btspa-8b”tSpa-9p;)

We derive the threshold value of pp by finding pp that equalizes the above two profits:

Fullsimplify[
1
72 (a-b) t (-9+26)
324ab’t?-162a’b*t*-324bt?+81b* t* + 2882’ t?6-36a°t*5-18a*t? 5 -
576 abt?’5+36a’bt?65+288b%t26+36ab’t?5+36a%b*t?6-36b31t%6-
18b*t26-16a’t?6%-24a°t?6%+9a*t? 52 +32abt? 6% +24a’bt? 52 -16b>t2 5% +
24ab’t?56%-18a%b’t256%-24b3t2 5% +9b* t? 52 -324atp, +162a%tp, +
324btp,-162b°tpy+216at6py-90a’t5py-216bt5py+90b*t6ps+8lp]) =
1
"8 (a-b) t (-9+45)
36ab’t?+18a’b?t? +36b3t?-9b*t? +16a’t’5-16a’t*6+4a*t?6-32abt’ 5+
16a’bt?’5+16b’t?5+16ab*t?6-8a’b’t?5-16b°t>5+4b*t?6+36atpy-18a’tps-
36btpA+18b2tpA-16at6pA+8a2t5pA+16bt5pA-8b2t5pA-9p§)}, pA”

Solve[{ (324a%t?-3242°t*+ 81a* t>-648abt? + 3242’ bt? + 324 b2 t7 +

(-36at?+36a°t?-9a*t>+72abt’-36a’bt?-36 b7 t* -

(a-b)2 (-4+a+b)2s?
(-9+26) (-9+46)

HpAQ_%t (-9+46) |8a6-3a’6-8b5+3b%5+3 (-9+25)J

},
J}

(a-b)2 (-4+a+b)282
(-9+268) (-9+46)

{Pa- Lt (920

-8ab6+3a’6+8b5-3b26+3(-9+26)
186

We can easily show that the former outcome is negative. So, we use the latter one.
We simplify the expression of the latter outcome, and obtain the following pp:

t(9-46) (b-a) (3 (4—a—b)4’% —(8—3a—3b)]

Pa - (pal)
18

We rewrite the locations of the two endpoints: The right-hand endpoint in (ii) and the right-hand
endpoint in (i) (see below)

c2bR
cl1bR

{% (a-b)t (-18+ (-4+3a+3b) &), 7% (a-b)t (-4 (-9+65)+3a (—3+5)+3b(—3+5))}

{% (a-b) (2+a+b)t (-9+45), —%(a—b)t(9+ (-7+a+b) 5>}

We check the condition that the derived p, (pal) is smaller than the p4-element of the right-
hand endpoints in (i).
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Simpli-Fy[

t(9-46) (b-a) F(4—a—b)4’;ﬁ —(8—33—3b4

1
Factor[—(a-b) (2+a+b) t (-9+45) - ]]
9 18

12 9-26 +3b 9-26
9-46 9-456

This is positive if the following inequality holds

9-26
2 -1
9 -
9-26
P10t[12 -1 / 1+3
9-46

0.8

9-26
9-46

%(a—b)t[lZ—b+a[—1+3 (-9 145)

(a+b) [—1+3

45
9-26
» 16, @, 1}]
9-446
0.6 -

021

I . . . I . . . I . . . I . . . I
0.2 0.4 0.6 0.8 1.0

If (a+b) (—1 +34/322 ) > 12 ( 320 - 1) holds, the derived p, (pal) is on the inter-

val between the left-hand and right-hand endpoints in (i). Otherwise, the reaction function in (ii)
is always better than the interval between the left-hand and right-hand endpoints in (i).

Now we derive the profit of firm B under case (i)’ for p 4

1
Factor-[pB (1-2z)+6f|— (b-a) t (—4+a+b+22)2) /.
18

z» (-3a°t+3b’°t-2atéc+2a’tsc+2btsc-2b>téc-3pa+3ps)/(2(a-b)t(-3+6c)) /.
(b-a)t ((a+b) (3-26c) +26c)]
3

Ps = Pa -

1
T (18a’t-18b°t-4ats-4a’ts-a’ts+4bto-a’bts+4b’to+ab’ts+b>ts+18p,)

We derive the threshold value of p4 by finding p4 that equalizes the two profits in cases (i1) and

(i)™
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Fullsimplify[

1
Solve[{ (324a2t?-3242°t*+ 81a*t>-648abt? +324a’bt? +324b2 t7 +
72 (a-b) t (-9 +235)

324ab®t?-162a’b*t?-324b>t>+81b*t? +288a%t?6-36a°t’6-18a*t? 5 -

576 abt’5+36a’bt*6+288b2t26+36ab’t?6+36ab’t?5-36b3t26-18b*t? 6 -
16a2t?s6%-24at?6%°+9a*t?6%+32abt?62+24a’bt? 6% -16b2t2 6% +24ab’t*> 5% -
18a2b2t26%-24b3t26%+9b*t? 6% -324atpy+162a%tpy+324btpy-162b%tp, +

1
216at5pa-90a°t6py-216btopy+90b°t6p,+81lp;) == — (18a*t-18b° t -
18

4at5-4a2t6-a3t6+4bt6-a2bt5+4b2t6+ab2t5+b3t6+18pA)}, pA”

{{pﬁ% (a-b)t

(-6+a+b) (a+b) s _as (-6+a+b) (a+b) s }
-9+26 -9+26 ’

9a-9 (2+b) —46+5(a+b>5+18J

-9 (2+a+b) + (-4+sa+5b)5_13\/ (-6+a+b) (a+b) &S N
-9+26

1
{pA—>§ (a-b) t

45\/(—6+a+b> (a+b) o
-9+26

})

We pick up the first outcome as the threshold p,.

1
Pa>— (a-b)t
9

(-6+a+b) (a+b) s _46\/(—6+a+b) (a+b) &

—93—9(2+b)—46+5(a+b)6+18\/
-94+26 -9+26

] (pa2)

We check the condition that the derived p, (pa2) is above the p4-element of the right-hand
endpoints in (1).

1
Simpli-Fy[Factor[— (a-b) t
9

[—93—9(2+b) —46+5(a+b)6+18\/

(-6+a+b) (a+b) & 46\/ (-6+a+b) (a+b) s
-9+26 -9+26

1
Z(a-b) (2+a+b)t(—9+46)]]
9

O| =

(a-b) t

(-6+a+b) (a+b) o _as (-6+a+b) (a+b) s
-9+26 -9+256

126+aé+b6+18J

By setting a+b by g, we check the value between the large parentheses:
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-6 5 -6 5
PlotBD[— —126+g5+18\/ﬂ —46\/( +8) (8) J,

-9+26 -9+26

(6, @, 1}, {g, @, 2}, PlotRange - {0, 10}]

L0 00

We check the condition that the value between the large parentheses is negative:

[ (-6 s [ (-6 s
Solve[[—126+g6+18 % -4s %]: ,g]
-9 4+ -9 4+

12 (-9+6-+/81-545+86% ) 12 (-9+6+/81-545+86% )
e~ Jo {e- I

-36+76 -36+76

12 (—9+6+‘\/81—546+862)

Ifg=a+b< »
-36+76

the derived p4 (pa2) is above the p4-element of the right-hand endpoints in (i).

This coincides with the following condition that the derived p4 (pal) is above the p4-element of
the right-hand endpoints in (i).

12 (—9+6+\/81—545+862)

Plot[ , {5, 0, 1}]

-36+76
0.8 :
046;
0A4:
042;

‘ 0412 ‘ ‘ ‘ 0414 ‘ ‘ ‘ 0416 — ‘ 0418 — ‘ lfO

12(—9+6+\/81—546+862 ) ) )

If(a+b) > holds, the threshold pjp is on the line segment between the left-

-36+76
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hand and right-hand endpoints in (i). The threshold is given as

9-26
t(9-46) (b-a) (3 (4-a-b) [ =2 -(8-3a-3b)]

Pa -
18

The reaction function of Firm B in (i) is

1
pp> ———— (((b-a) (2—a—b))t(9+26c2—46f+6c (-9+28F)) + (9-36c-25F) pa)
2 (9 -36c- &5f)

We substitute p, into pp:

simplify [pB >
(((b-a) (2-a-b)) t (9+26c*-465f+6c (-9+26F)) + (9-36c-26F) py)/(2(9-36c-5F)) /.
t(9-46) (b-a) [3(4-a-b) zjz —(8—3a—3b)]
Pa— ]
18
I
Pe~ 36 0-40)
(ca+b)t||-8+3a+3b-3(-4+a+b) :‘ig (9-56) (9-46) ~18 (-2+a+b) (9-136+46?)

We can define the jumping point of Firm B’s reaction function in (i) as c1jbl

t(9-46) (b-a)

3(4-a-b) :jj —(8—3a—3b)] )
c1jb1={ s (-a+b) t
18 36 (9-46)

5
[[-8+3a+3b-3(-4+a+b) m} (9-56) (9-46) -18 (-2+a+b) (9—136+462)]}

1
(9-496), 36(9-405) © 46 (-a+b) t

{% (a+b)t{8+3a+3b+3(4ab)

9-256
9-456

(9-56) (9-46) -18 (-2+a+b) (9-135+457)

J

[—8+3a+3b—3(—4+a+b)

The reaction function of Firm B in (ii) is
1
2 (9 +36c-56f)
(-(a-b)t (18+66c-86Ff+ascsf+a (-9+6c*+86Ff-46cs6f) +b (-9+6c+86Ff-46c6f)) +
(9 +3 8¢ - 10 5f) p,)

Ps =

We substitute p, into pg:
1

2 (9 +36c-56f)
(-(a-b) t (18+66c-86f+ascsf+a (-9+6c*+86Ff-46c6f) +b (-9+6c”+86F-46c6f)) +

Simplify [pB -

t(9-46) (b-a) [3 (4-a-b) zjj -(8-3a-3b)]

(9 +36¢c-105F) pa) /. pa ]
18

9-26

-a+b)t
(-a+b) 9 45

-36 (-5+a+b) +|-8+3a+3b-3(-4+a+b)

Ps (9-450)

1
N
126
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We can define the jJumping point of Firm B’s reaction function in (ii) as c2jbl

9-445

c2jb1 = { P s

t(9-46) (b-a) [3 (4-a-b) .| 222 -(8-3a-3b)]

1 9-25
— (-a+b) t [—36 (-5+a+b) + [—8+Sa+3b—3(—4+a+b) —] (9-45)}}
126 9-45

9-26
9-456

{% (a+b)t(8+3a+3b+3(4ab)

-8+3a+3b-3(-4+a+b)

L(—a+b>t[—36(—5+a+b>+

126
12 (—9+5+\/ 81-54 6+8 62 )

If(a+b) < 3673
right-hand endpoints in (1), that is, case (i)’. The threshold is given as

holds, the threshold p4 is on the half-line starting from the

1
Pa>— (a-b)t
9

{ \/(-6+a+b) (a+b) 6 \/(—6+a+b) (a+b)5]
-9a-9(2+b)-46+5 (a+b) 6+18 -456
-94+26 -9+26
The reaction functions of Firm B in (i)’ and (ii) are
(b-a)t ((a+b) (3-26c) +26¢)

3
ps—> ((b-a) t (2 (9+368c-45f+25csf) + (a+b) (—9+6c2+85f—45c6-F))+(9+36c—105f) pa) /

(2 (9+36c-56F))

P = Pa -

We substitute p4 into pp:
(b-a)t ((a+b) (3-26c) +26¢)
3

1
Simpli-Fy[pB-> Pa - /«pa= ; (a-b) t

-6 b b) & -6 b b) &
{'93-9(2+b)—46+5(a+b)5+18\/( +a+b) (a+b) —46\/( +a+b) (a+b) J]

-9+26 -9+26

Simpli-Fy[pB—> ((b-a)t(2(9+36c-45f+26csf)+ (a+b) (—9+6c2+86f—46c6f)) +

1
(9+368c-105F) pa) /(2 (9 +36c-56F)) /.pA—>; (a-b) t

(-6+a+b) (a+b) & _46\/ (-6+a+b) (a+b)5J]

-9a-9 (2+b) —46+5(a+b)5+18\/
-9+26 -9+26

(-6+a+b) (a+b) S +45\/(_6+a+b> (a+b) o

18-26+ad+bo-18
~9:26 -9+26

pB—>—% (a-b) t

(-6+a+b) (a+b) s _75J(—6+a+b> (a+b) &S

e L (a-b)t|-18425+2a6+2b6+9
9 9+26 9+26

We can define the jumping point of Firm B’s reaction function in (i) as c1jb2
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1
c1jb2 = {; (a-b)t

[ \/(-6+a+b) (a+b) & \/(—6+a+b) (a+b)6]
-9a-9(2+b)-46+5 (a+b) 6+18 -46 N
-94+26 -9+26

1 -6 b b) 6 -6 b b) 6
_;(a—b)t(18—26+a<§+b6—18\/( *a+b) (a+h +45\/( *a+b) (a+h) ]}

-94+26 -9+26

{% (a-b) t

3

(-6+a+b) (a+b) o 46\/ (-6+a+b) (a+b) s

-9a-9(2+b) -46+5 (a+b) 5+18
9426 -9+256

(-6+a+b) (a+b) s a5 (-6+a+b) (a+b) s
—9+26 -9+26

J

—%(a—b)t[18—25+a5+b5—18\/

Also, we can define the jumping point of Firm B’s reaction function in (ii) as c2jb2

1
c2jb2 = {; (a-b)t

[ \/(-6+a+b) (a+b) & \/(—6+a+b) (a+b)6]
-9a-9(2+b)-46+5 (a+b) 6+18 -46 N
-94+26 -9+26

1 -6 b b) 6 -6 b b) &
;(a—b)t[—18+26+236+2b6+9\/( *a+b) (a+h) -75\/( *a+b) (a+h ]}

-94+26 -9+26

{% (a-b)t

3

(-6+a+b) (a+b) o _45\/ (-6+a+b) (a+b) S

-9a-9(2+b)-46+5(a+b)5+18
-9+26 -9+26

(-6+a+b) (a+b) &S 75 (-6+a+b) (a+b) &S
9:256 -9+206

0|

(a—b)t{—18+25+2a5+2b5+9\/

)

As before, we now show various examples of Firm B’s true reaction function for different
values of a, b, J, t, and k.

a=0

b=1

5=1/2

=1

2

LI Y Y = () ~ t
1]

N
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Plot[{x- (-3a’t+3b°t-4atéc+3a’téc+abtsc-3btsc) /e,
x+(b-a)t (6+3a (-1+68c) +3b (-1+6c) -26c) /6}, {x, 0, 3},

12 (-9+a+\/81-546+852]

-36+756

12 (-9+a+\/81-546+852]

-36+756

12 (-9+a+\/81-546+852]

-36+76
Line[{c3bL, c3bR}], Text[" (iii)", {0.15, 0.85}], Text[" (ii)", (1.5, 1.35}],
Text["(i)", {2.2, 1.2}], Text[" (i)'", {2.7, 1.6}]},

Epilog—»{If[a+b> , Line[{cldbL, c1dbR}], Line[{c1jb2, c1dbR}]],

» Line[{c1jbl, c1bR}], Line[{{@, @}, {0, 0}}] ]:

If[a+b>

If[a+b> , Line[{c2bL, c2jb1}], Line[{c2bL, c2jb2}]],

PlotRange -» {0, 3}, LabelStyle » (FontSize - 14), AxesLabel - {"p,", "ps"},
AspectRatio- 1, PlotStyle » DotDashed]

Ps
3.0

2.5]

.

1 Loloat T T T T - T p A

0.0 0.5 1.0 1.5 2.0 2.5 3.0
a=0
b=1-0.1376881861101862"
5§=1
t=1
k=2
0
0.862312
1
1
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Plot[{x- (-3a’t+3b°t-4atéc+3a’téc+abtsc-3btsc) /e,
x+(b-a)t (6+3a (-1+68c) +3b (-1+6c) -26c) /6}, {x, 0, 2},

12 (-9+a+\/81-546+852]

-36+756

12 (-9+a+\/81-546+852]

-36+756

12 (-9+a+\/81-546+852]

-36+76
Line[{c3bL, c3bR}], Text[" (iii)", {@.15, ©.88}], Text[" (ii)", {0.9, 1.2}],
Text["(()'", {1.7, 0.8}]}, PlotRange -» {@, 2}, LabelStyle » (FontSize » 14),

Epilog—»{If[a+b> , Line[{cldbL, c1dbR}], Line[{c1jb2, c1dbR}]],

If[a+b> , Line[{c1jbl, c1bR}], Line[{{®, @}, {0, ©}}] ],

If[a+b> , Line[{c2bL, c2jb1}], Line[{c2bL, c2jb2}]],

AxesLabel » {"p,", "pg"}, AspectRatio-» 1, PlotStyle -» DotDashed]

PB
201

1.5

0.0 0.5 1.0 1.5 2.0

We now show an example in which there is no intersection between the two firms’ reaction
functions.

non
N P R O® O

®© X + 00 T O
n

0.001
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Plot[{x- (-3a’t+3b°t-4atéc+3a’téc+abtsc-3btsc) /e,
x+(b-a)t (6+3a (-1+58c) +3b (-1+6c) -268c) /6}, {X, 0, 0.005},

12 (-9+a+\/81-546+852]

-36+756

12 (-9+a+\/81-546+852]

-36+756

12 (-9+a+\/81-546+852]

-36+76
Line[{c3bL, c3bR}], Text[" (iii)", {@.15, 0.85}], Text[" (ii)", {1.5, 1.35}],
Text["(i)", {2.2, 1.2}], Text["(i)'", {2.7, 1.6}], , , , Line[{clalL, claR}],

2 (-18-6+6\/81-545+862)

36-76

2(—18—6+6\/81—546+862)

36-76

2(—18—6+6\/81—546+862)

36-76
Text[Style["Firm A's reaction function in (iii)", FontSize -» 14],
{0.0015, 0.0021}, {-1, -1}], Arrow[{{0.0004, 0.003}, c3jal}],
Arrow[{{0.0015, 0.0022}, {0.00075, 0.0018}}], Arrow[{{0.0006, 0.0008}, {0.0004, 0.00118}}],
Text[Style["The bottom-point of Firm A's true reaction function", FontSize - 12],
{0.00035, 0.00308}, {-1, 0}],
Text[Style["Firm B's reaction function in (iii)", FontSize - 14], {0.0006, 0.00083},

(-1, 1}], Text[" (ii)", {1.2, 1.4}], Text["(i)", {@.75, 9.18}]},

Epilog—»{If[a+b> , Line[{cldbL, c1dbR}], Line[{c1jb2, c1dbR}]],

If[a+b> , Line[{c1jbl, c1bR}], Line[{{®, @}, {0, ©}}] ],

If[a+b> , Line[{c2bL, c2jb1}], Line[{c2bL, c2jb2}]],

If[a+b< , Line[{c2aL, c2jal}], Line[{c2aL, c2ja2}]],

If[a+b< , Line[{c3jal, c3aR}], Line[{{@, @}, {O, e}}]],

If[a+b< , Line[{c3daL, c3daR}], Line[{c3ja2, c3daR}]],

PlotRange - {0, ©.005}, LabelStyle -» (FontSize -» 14), AxesLabel - {"p,", "ps"},
AspectRatio- 1, PlotStyle -» DotDashed]
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We now turn to the pricing equilibrium in the first period. First, we show that no equilibrium
exists in (Case iii).

To this end, we show that the lowest point of Firm A’s reaction function in (iii) is above Firm
B’s reaction function in (ii1), as shown in the previous figure. If this property holds, Firm A’s
reaction function in (iii) never passes through the reaction function of Firm B in (iii) because the
slope of Firm A’s reaction function in (iii) is steeper than that of Firm B in (iii).

Clear[a, b, &, t, k]

6f=6
é6c=6

o)

o)

The lowest point of Firm A’s “true” reaction function in (iii) is point “c3jal” if

2 (—18—6+6 /81-54 5+8 52 )

ifa+bx<

, otherwise, point “c3ja2”. We show the two points in the

36-76
following:

c3jal

c3ja2

{316(-a+b>t[-2 (9-568) +3 (2+a+b) (9-56) ::ig 3 (a+b) (3+5)],
L o aibyt|2-3a-3b+3(2+asb) |22 (945)}

18 9-45

{% (a-b)t (-18+a5+b5+2\/(_8+a2+2b+b2+2a<1+b))5<—9+25> ),

%(—a+b>t(9 (4-a-b) - (6-5a-5b)5-2V(2-a-b) (4+a+b) <9-25)5)}

The following is the reaction function of Firm B in (iii).

(9 -36c +10 6F) pa

2 (9-36c +565f) *

((b-a)t (2 (3-6c) (3-6c+36f) - (a+b) ((3-6c) (3-26¢c) +5 (1-6c) 6f)))/
(2 (9-36c+56f))

pb -

We substitute p4-element of point “c3jal” into the reaction function of Firm B in (ii1).

(9 -36c+106F) pa
+
2 (9-36c+56F)
((b-a)t (2(3-6c) (3-6c+3686f) - (a+b) ((3-68c) (3-258c) +5 (1-6¢c) 6F))) /

Simplify [pb -

1
(2(9-36c+56F)) /.pa»— (-a+b) t
36

6
-2(9-56) +3 (2+a+b) (9-58) S 2s -3 (a+b) (3+5)] /. {6F-6, 6c->6}]

1
bs——=  (-a+b)t
b= g2 (27D

9-26

(9+70)
9-456

3(2+a+b) (9-56)

-3 (a+b) (3+6)+2(-9+50) | +

36 (18+66-46°+a (-9+46+36°) +b (-9+456+365°))
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We check if this derived value of pp is smaller than pg-element of point “c3jal”. If the derived
value of pp is actually smaller than pg-element of point “c3jal”, Firm A’s “true” reaction
function in (ii1) does not pass through the reaction function of Firm B in (ii1).

The difference between the derived value of pg and the pg-element of c3jal:

Simplify[Factor[

1 /9-25
———(-a+b)t|(9+768) |3 (2+a+b) (9-56) 4] —— -3 (a+b) (3+6) +2 (-9+55)
72 (9 +26) 9-46

36(18+66—462+a(—9+46+362)+b(—9+46+362))]—

1 9-26

= (- a+b)t[—2 Ba—3b+3(2+a+b)1’ J(g 45)]]

18 9-45

21-27 / /

21+5_27\/—9+25 +5\/—94—25
-9+456 -9+406

We rearrange this value, and obtain the following:

3a

! (a-b)t (-3+5)
24 (9+26)

3b 2163+236-81

-9+456 ! -9+406

-9+26 35 —9+25]]

—— (b-a)t (3-6)
24 (9 +26)

9-26 9-26
[{(2 (63 +236)) -6 (27 - 6) Py ]—3(a+b) [(27-5) —(21+6)J]

We check the values of the first and the second terms in the largest parentheses

9-25 9-26
an[{a(63+z35))-6(27-5) (27 - &) -(21+5)},{5,e,1ﬂ
9-45 9-45

-15+

_20 |

=25+

-30 L

_35 [/ L 1 L L L 1 L L L 1 L L L 1 L L L 1

0.2 0.4 0.6 0.8 1.0

Both values are negative. Therefore, the difference between the derived value of pg and the pp-
element of c3jal is negative. That is, Firm A’s “true” reaction function in (iii) does not pass

2 (—18—é+6 \/81-54 5+8 52 )

36-76

through the reaction function of Firm B in (ii1) if a + b <

We substitute p4-element of ¢3ja2 into the reaction function of Firm B in (iii).
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Simpli-Fy[

1 5 > 1
pb—»; (a-b) t (—18+a6+b6+2'\/(—8+a +2b+b*+2a (1+b)) 5 (-9+26) )/.pa-»; (-a+Db)

6
t[-z (9-568) +3 (2+a+b) (9-506) s 2z -3(a+bh) (3+6)] /. {6F> 6, 6c—>6}]

pb%% (a-b) t (—18+a6+b5+2\/(—8+a2+2b+b2+2a (1+b)>5(—9+25) )

We check if this derived value of pp is smaller than pg-element of point “c3ja2”. If the derived
value of pp is actually smaller than pg-element of point “c3ja2”, Firm A’s “true” reaction
function in (ii1) does not pass through the reaction function of Firm B in (ii1).

The difference between the derived value of pg and the pg-element of c3ja2:

1
Simplify[Factor[— (a—b)t(—18+a<5+b6+2\/(—8+a2+2b+b2+23(1+b))6(—9+26) )_
9

1
;(—a+b)t(9 (4-a-b)-(6-5a-5b)6-2v(2-a-b) (4+a+b) (9-25)5)]]

%(a—b)t(6—25+a(—3+25)+b(—3+26)>

We rearrange this value, and obtain the following:
-5 (b-a)t (6-26+ (a+b) (-3+28))
The above is negative. The reason is as follows. 6-2 é+(a+b) (-3+2 ¢) is decreasing in (a+b),

hence it is minimized when a+b=2, and then 6-2 6+2(-3+2 §)=26>0.

Therefore, the difference between the derived value of pp and the pp-element of c3ja2 is nega-
tive. That is, Firm A’s “true” reaction function in (iii) does not pass through the reaction func-

2 (—18—5+6 \/81-54 5+8 &2 )

36-76

tion of Firm B in (iii) ifa + b >

Thus, for any a, b, and 6, Firm A’s “true” reaction function in (iii) does not pass through the
reaction function of Firm B in (iii). This shows that the (pure-strategy) pricing equilibrium in
period 1 does not exist in (Case iii).

Since (Case 1) is symmetric to (Case iii), we can apply the same logic to conclude that the
pricing equilibrium in the first period does not exist in (Case 1).

We now turn to (Case ii), and identify conditions under which the pricing equilibrium in
the first period exists in this case.

We pick up the reaction functions of the firms in (Case ii), without considering if they
are in (Case ii). We derive the intersection between the reaction functions:
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FullSimplify[Solve[{pa =
((9+368c-105f) pb+ (b-a) t ((a+b) (9-6c”-86f+46c6f)+2 (36c+6c’+a6f-26c6f)))/

(2 (9+36c-56F)),
pb= ((9+368c-1056f) pa+ (b-a)t (18+66c-85f+45csf+ (a+b) (—9+6c2+85f—46c6f)))/

(2 (9+38c-55f))}, {pa, pb}]]
1 2
{{paem(a—mt (27 (2+a+b) -6 (-3+4a+4b) S5+ (-20+9a+9b) & ),

pb > (a-b)t (27 (-4+a+b) -6 (-5+4a+4b) 5+ (2+9a+9b) 52)}}

- 81+336

From the result, if there is an intersection between the reaction functions of Firms A and B in
(Case 1), the equilibrium pjp is the following:

1
Eqpb: -————(a-b) t (27 (-4+a+b) -6 (-5+4a+4b) 6+ (2+9a+9b) &)
-81+336

We can easily show that under the prices the realized z satisfies (a+b)/4<z<(2+a+b)/4 (Case ii).

We rewrite the jump point of Firm A’s reaction function (c3jal and c3ja2):

c3jal

c3ja2

{%(—a+b>t{—2 (9-56)+3 (2+a+b) (9-56) Z:jg “3(a+b) (3+6)],
L o aibyt|2-3a-3b+3(2+asb) |29 (945)}

18 9-456

{% (a-b)t (—18+a5+b5+2\/<—8+a2+2b+b2+2a(1+b)>6(—9+25> ),

%(—a+b)t (9(4-a-b)-(6-5a-5b)5-2+(2-a-b) (4+a+b) (9725)5)}

If those values of pg in the two jump points are larger than the equilibrium pjp in (Case ii), the
equilibrium point is stable.

First, we compare pp at the intersection and at c3jal:

1 -26
Simplify[Factor[E(—a+b)t -2-3a-3b+3 (2+a+b) m](9—46)—

(——(a—b)t(27(—4+a+b)—6(—5+4a+4b)6+(2+93+9b)62))”
-81+336
1 9-2 9-2 9-2
— = __ _(a-b)t|3a|27]|-7+9 ° 1 3| 53+69 O | si| 26444 ° |52+
-486 + 198 6 9-45 9-45 9-456
3b |27 |-7+9 | 2729 | 3] s3:69 |2729 |5, | 260 [2220 | 2],
9-45 9-45 9-45
2|81 |-7+9 9-26 |, 297 - 621 9-29 5+2(-19 + 66 9-29 52
9-46 9-456 9-45

Rearranging the above, we obtain

(b-a) t

486 - 198 6 9-46

5
[3(243—2076+4462) —(9—26)((63—396))](a+b)—

) 9-26
(9-28) (126 - 385) +6 (243 - 207 5 + 44 5°)

9-456
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The sign of this value depends on 6 and g=a+b.

We draw the area in which the above value is negative, that is, the equilibrium point in (Case ii)
is not stable.

(Horizontal axis is 0, Vertical axis is g=a+b):

/9-25
RegionPlot[[B (243—2076+4462) — - (9-26) ((63—396))]g— (9-26) (126 -386) +
9-456

A/ 2
26 2(18 5+6\81 545+86)

<OAg< s {6, 0, 1}, {8, O, 2}]
9-456 36-76

6 (243 - 207 6 + 44 6%)

1.0

0.0 1
0.0 0.2 0.4 0.6 0.8 1.0

On the blue area,the equilibrium point in (Case ii) is not stable.

From the figure, we can find the highest value of ¢ in which the equilibrium point in (Case ii) is
stable for any g=a+b, by solving the following equation with respect to 6.

9-26
9-46

NSolve[— (9-26) (126 -386) +6 (243 - 207 & + 44 6%) =0, 6]

{({6-4.5}, {6->0.826528})
We find that if 6<0.826, the equilibrium point in area (ii) is stable for any g=a+b.

From the figure, we can find the lowest value of g in which the equilibrium point in area (ii) is
stable for any 0, by solving the following equation with respect to g.

) 9-26
Solve[ 3 (243 - 207 5 + 44 6%) s as -(9-26) ((63-396))|g-

-26
9-46

(9-26) (126 -386) +6 (243—2076+4462) =0/.6->1, g]

(3T )
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N[%]
{{g~0.414379}}

Because of symmetry, the result can be applied to the highest value of g in which the equilib-
rium point in area (ii) is stable for any 0.

We derive the threshold g as a function of 6.

5 9-26
SMNe[s(mB-ze75+445) -(9-26) ((63-3968)) | g-
9-45
5 9-25
(9-26) (126 -386) +6 (243 - 207 5 + 44 5%) =a,q
9-46

o

Hg% (126 -386) (9-26) -6+ 522 (243-2975+4452)}}

-(63-396) (9-206) +3+/525 (243-207 6+ 4467)

©
O ||

Plot[(—lz (3-6) (1296 - 14316 +479 6) +120 & (27-1165) V (9-46) (9-26) )/
(18 (1296 - 1233 6 + 426 6 - 73 6°) ), {6, O, 1}]

0.5F

-2.0
77 -12 /35
N[z-—]
3 (-7+2V35 )
1.58562

Thus, we find that if 0.415<g<1.585, the equilibrium point in area (ii) is stable for any 6.

1 2 2
{— (a-b) t (—18+a<5+b6+2—\/(—8+a +2b+b®+2a (1+b)) 6 (-9+26) ),
9

1
;(—a+b)t(9 (4-a-b) - (6-5a-5b)6-2(2-a-b) (4+a+b) (9-25)6)}

Second, we compare pjp at the intersection and at c3ja2:
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1
Simpli-Fy[Factor'[; (-a+b) t (9 (4-a-b)-(6-5a-5b)6-2V(2-a-b) (4+a+b) (9-25)5)-

(——(a—b)t(27 (-4+a+b) -6 (-5+4a+4b) 6+ (2+9a+9b) 62)]”
-81+336

o
~243+ 995

(—324+81b+2346—81b6—3652+14b52+27\/<—8+a2+2b+b2+2a (1+b)) 6 (-9+26) -

2 (a-b) t

115\/<—8+a2+2b+b2+2a (1+b)) 6 (-9+26) +a (81-815+1452))
Rearranging the above, we obtain
2(b-a)t

T 243-996
(—18 (2-6) (9-26) + (27-116) YV (2-(a+b)) (4d+a+b) 6 (9-26) + (a+b) (9-26) (9-75))

The sign of this value depends on 6 and g=a+b.

We draw the area in which the above value is negative, that is, the equilibrium point in (Case ii)
is not stable.

(Horizontal axis is 0, Vertical axis is g=a+b):

2(—18—6+6'\/81—546+862)

36-76

g>

RegionPlot[(—ls (2-6) (9-26) + (27 -116) \/(Z—g) (4+8) 6(9-268) +g (9-26) (9—76)) >0,

(5, 0, 1}, {g, 0, 2}]

o T —— —— ——— ——— .

0.5 b

00F,

0.0 0.2 0.4 0.6 0.8 1.0

This means that Firm B’s deviation incentive does not matter.

From the two arguments, we find that if 0.415<g<1.585, the equilibrium point in area (ii) is
stable for any 0.

Thus we conclude that (i) if 6 < 0.826, the pricing equilibrium exists in (Case ii) for any a + b,
and (ii) if 0.415 < a+b < 1.585, then the pricing equilibrium exists in (Case ii) for any 6.
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3. First Period - Locations
The profits of Firms A and B are respectively

1
Simpli-Fy[Factor[paz+5-F— (b—a)t(2+2a+az+2b+2ab+b2—82—Zaz—2bz+1azz) /.
9

3 (pb - b) (3-6 26
.. (Pb-pa)  ((a+b) (3-00)+200) . o by

2(b-a)t (3+5c) 2 (3+6¢)

(-27 (2+a+b) -546c+3 (-4+a+b) 6¢>-4 (-9+3a (-2+5c) +3b (-2+6c) -86c) 6f))/
(81+276c—606-F),pb—»—(((a—b)t(—27(—4+a+b)+546c+3(2+a+b)6c2—

4 (21+3a (-2+6C) +3b (-2 +8¢) +2 6c) 6f))/(81+276c—606f))}]]

Simplify[Factor‘[pb (1-2) +6-F§ (b-a)t (8-4a+a’-4b+2ab+b*-82-2az-2bz+102%) /.
3 (pb - pa) ((a+b) (3-6¢c) +26¢c)
2(b—a)t(3+6c)+ 2 (3 +6c)
(-27 (2+a+b) -546c+3 (-4+a+b) 6c2-4(-9+3a (-2+6c) +3b (-2 +6¢c) -86¢c) 6-F))/
(81+276c-606f), ppb>-(((a-b)t(-27 (-4+a+b) +545c+3 (2+a+b) &c? -
4 (21 +3a (-2+6c) +3b(—2+6c)+26c)5f))/(81+276c—665f))}]]

Z->

/. {pa- ((a-b)t

1
718 (27 +9 6C - 28 6F) 2

(a-b) t (9a® (81+306c>+4505f-1845f +806f +36¢° (-3+706F) +6¢ (-27+1385f -885F7)) +
9b” (81+36C° +455f - 184 6F° + 80 5 + 3 6¢* (-3 +7 6f) + 5¢ (-27 + 138 5F - 88 6F%) ) -
12b (-243 +186C% + 65¢* (27 - 57 6F) + 216 6 + 84 6F° - 80 5> + 5¢ (-162 - 9 5f + 88 5F°) ) +
4 (729 + 108 6¢° - 972 6F + 216 6f° + 80 5> - 9 5¢* (-72 + 43 6F) + 3 5¢ (405 - 450 5F + 104 65%) ) +
6a (3b (81+36C +455f-1846F> + 80 6f° +36¢* (-3+76F) +6¢ (-27 +138 5 - 88 5F%) ) -
2 (-243 + 18 6¢% + 6¢% (27 - 57 5F) + 216 5F + 84 5f% - 80 6F° + 6¢ (-162 - 9 6F + 88 6F%) ) ) )
1
718 (27 + 9 6C - 28 6F) 2
(a-b) t (9a® (81+36C>+4505f-1845f +806f +36¢° (-3+76F) +6¢c (-27+1385f -886F7)) +
9b” (81+36C° +455f - 184 6 + 80 67 + 3 6¢* (-3 +7 6f) + 6c (-27 + 138 5F - 88 5F%) ) +
4 (2916 + 27 5¢° - 1863 6 - 1944 6% + 1280 6> + 9 6¢* (45 + 16 5F) - 18 5c (-108 + 3 5F + 56 5F7) ) +
12b (-486 + 9 6C° + 81 &5F + 636 6F> - 320 5> - 6 5¢% (-9 + 20 6F) + 6¢ (-81 - 423 5f + 352 6F%) ) +
6a (3b (81+36C +455f - 184 6F> + 80 6f° +36¢® (-3 +76F) +6¢ (-27 +138 5 - 88 65F%) ) +
2 (-486 +96C% + 81 6F + 636 5f° - 320 6F - 6 6¢° (-9 + 20 6F) + 5¢ (-81 - 423 &5F + 352 62) ) ) )

Rearranging them, we obtain the profits of Firms A and B respectively
(b-a)t
18 (27 + 9 6¢c - 20 5F) 2

(9 (a+b)? (36c>-36c? (3-76F) - 6c (27 - 138 6F + 88 6F°) + 81 + 45 6f - 184 65F° + 80 5F°) +
12 (a+b) (-18 6c> -3 6c* (9-19 6f) + 5c (162 + 9 6F - 88 5F°) + 243 - 216 6F - 84 6f° + 80 6F°) +
4 (108 5¢* + 9 6¢* (72 - 43 6F) + 3 5¢ (405 - 450 & + 104 5F°) + 729 - 972 6F + 216 6 + 80 6f°) )
1
18 (27 + 9 6¢c - 20 5F) 2

(b-a)t

(9 (a+b)? (36c> -3 6c? (3-76F) - 6c (27 - 138 6F + 88 6F°) + 81 + 45 6f - 184 5F° + 80 5F°) +
12 (a+b) (96c° +66c* (9-206F) - 5c (81 + 423 6f - 352 6F%) - 486 + 81 6 + 636 5F° - 320 5F°) +
4 (27 6¢® +9 6¢* (45 + 16 5F) + 18 5¢ (108 - 3 6 - 56 6F°) + 2916 - 1863 6f - 1944 6” + 1280 5f°) )

We define J1, the coefficient of (a + b) 2 as follows:
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J1=(36c>-36c* (3-76F) - 65¢ (27 - 138 5 + 88 5F°) + 81 + 45 5f - 184 6% + 80 5F°)

81+36C°-36¢% (3-706F) +456f - 184 6F + 80 6F° - 5¢ (27 - 138 6F + 88 5f7)

Differentiating Firm A’s profit with respect to a and Firm B’s profit with respect to b, we
obtain

1
Factor[n[paz+5f— (b-a)t (2+2a+a’+2b+2ab+b’-8z-2az-2bz+102%) /.
9

3 (pb - pa) ((a+b) (3-6¢c) +26¢c)
Z-> + /
2(b-a)t (3+6c) 2 (3 +68¢c)
{pa> ((a-b)t (-27 (2+a+b) -546c+3 (-4+a+b) 6c* -
4 (-9+3a (-2+6c) +3b (-2 +5c) - 86c) 6f))/(81+276c—606f),
pb>-(((a-b)t(-27 (-4+a+b) +5456c+3 (2+a+b) 6c2-4 (21+3a (-2+6¢c) +3

b (-2 +6c) +25c) 65F)) / (81 +27 5c - 60 5F)) }, a]]

1
Factor[o[pb (1-z)+6f= (b-a)t (8-4a+a’-4b+2ab+b’-8z-2az-2bz+102%) /.
9

3 (pb - pa) ((a+b) (3-6c) +26c)
2(b—a)t(3+5c)+ 2 (3 +6c)
(-27 (2+a+b) -546c+3 (-4+a+b) 6c*-4 (-9+3a (-2+6c) +3b (-2+6c) -86c) 6f)) /
(81+276c-605f), pp>-(((a-b)t(-27 (-4+a+b) +546c+3 (2+a+b) 8¢ -
4 (21+3a (-2+6¢c) +3b (-2+6¢) +26¢) 6F)) / (81+27 6c - 60 5F)) }, b”

/. {pa- ((a-b) t

Z->

1
718 (27 + 9 6c - 20 65F) 2
t (2916 + 5832a + 2187 a* + 1458 ab - 729 b* + 4860 5¢ + 3888 a 5¢ - 729 a* 6¢ - 486 a b b¢ +
243 b% 5¢ + 2592 5¢2 - 648 a 65¢% - 243 a® 6c* - 162 ab 65c? + 81 b% 5¢? + 432 5¢3 —432a6¢3 +
81la?5c®+54absc®-27b%6c® -3888 5f - 5184 a 5F + 1215 a2 6f + 810 a b & - 405 b? 5f -
5400 5¢ 6 + 216 a 5¢ 6F + 3726 a° 6¢ 6F + 2484 ab 6¢ 6F - 1242 b? 5¢ 6F - 1548 5¢2 6F +
1368 a 5¢2 6 + 567 a2 5¢2 6f + 378 ab 5¢? 5 - 189 b? 5¢? 5F + 864 52 - 2016 a 62 -
4968 a® 5F% - 3312 a b 5F% + 1656 b? 52 + 1248 5¢ 6F% - 2112 a 6¢ 6F% - 2376 a® 6¢ 6F2 -
1584 ab 5¢ 6 + 792 b 5c 5% + 320 6 + 1920 a 5> + 2160 a° 5F° + 1440 a b 5F° - 720 b 5F°)

1
718 (27 +9 6C - 28 6F) 2
t (-11664 + 729a> + 11664 b - 1458 a b - 2187 b® - 7776 5¢ - 243 a° 5¢ + 1944 b 5¢ + 486 a b 5¢ +

729 b2 5c - 1620 6¢% - 81 a® 6¢% - 1296 b 6c? + 162 ab 5¢? + 243 b? 5¢2 - 188 65¢3 + 27 a ¢ -
216 b&c® —54absc® - 81b%6c3 + 7452 6F + 405 a® 6F - 1944 b 5 - 810 a b 6F - 1215 b 6F +
216 5¢ 6 + 1242 a2 5¢c 6f + 10152 b 6¢ 6F — 2484 a b 5¢ 6F — 3726 b? 5¢ 6F - 576 65¢2 6F +
189 a2 5c2 6F + 2880 b 5c? 6F - 378 ab 5¢? 5F - 567 b% 5¢% 5F + 7776 5F2 - 1656 a2 6F% -
15264 b 6F% + 3312 ab 5F2 + 4968 b? 52 + 4032 5¢ 6F2 - 792 a® 5¢ 6F% - 8448 b 65¢ 62 +
1584 ab 5c 52 + 2376 b” 5¢ 6F% - 5120 6f° + 720 a* 6> + 7680 b 5> - 1440 a b 6> - 2160 b” 5°)

The above first-order derivatives can be rearranged as follows.
t

18 (27 + 9 6¢c - 20 6F) 2
(27312%+ (24 (9 (9-6¢?) (3+26¢c) -3 (72-36c-19 6¢%) 6f -4 (21 +22 6c) 6F* + 80 6f°) +1871b)
a+4 (27 (3+6c) (3+26¢c)? -9 (108 + 150 5¢ + 43 6¢%) &5F + 24 (9 + 13 6¢) 6% + 80 6F°) - 911 b?)

t

(2731b% +
18 (27 +9 6¢ - 20 5) 2

(24 (-9 (9-6¢?) (6+6c) +3 (27 - 6¢ (141 +40 6¢) ) 6F + 4 (159 + 88 5¢) 6% - 320 6f%) +18J1a) b+
4 (27 (3+6c) (6+6c)? -9 (207 +26¢ (3-86c)) 6Ff - 72 (27 + 14 5¢) 6% + 1280 6°) - 9J1a?)

First, we show that the derivative of Firm A’s profit monotonically decreases in a. This implies
that Firm A’s optimal location choice is a = 0. To show this, we show that the coefficients to a2,
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a and the constant term in Firm A’s first-order derivative are all positive. For the coefficients to
a’ and a, see the following figures, which show they are both positive.

Plot3D[J1, {6c, O, 1}, {6f, 0, 1}, PlotRange- {0, 1}]

0.0 . “0.5
0.5

7 0.0
1.0

Plot3D[24 (9 (9-6c%) (3+26¢c) -3 (72-36c-19 6¢%) 6f -4 (21 +226c) 6 + 80 6F°),
{éc, @, 1}, {6f, 0, 1}, PlotRange - {0, 1}]

0.0 - 0.5

0.0
1.0

Those are positive.
For the constant term in Firm A’s first-order derivative, notice that it is minimized when b = 1.
As the next figure shows, the constant term is positive when b = 1.
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Plot3D[4 (27 (3 +6c) (3+26c)? -9 (108 + 150 5¢ + 43 5¢*) 6f + 24 (9 + 13 5¢) 6 + 80 6f°) - 911,
{éc, @, 1}, {6f, 0, 1}, PlotRange - {0, 1}]

0.0 0.5

0.5

7 0.0
1.0

Put together, we have shown that Firm A’s profit decreases monotonically in a. Thus @ = 0 is
Firm A’s optimal location choice.

Next, we turn to Firm B’s problem. Differentiating the numerator of the first-order derivative of
Firm B’s profit with respect to b, we obtain

54J1b +
(24 (-9 (9—5c2) (6 +6c) +3 (27 - 5¢c (141 + 40 6c) ) 6F + 4 (159 + 88 &¢) 6f2—3205f3) +187J1a)

This is maximized when a=b=1. At a=b=1, we can show that this is negative (see the following
figure).
Plot3D|

5431+ (24 (-9 (9-6c%) (6+6c) +3 (27 - 6¢ (141 + 40 6¢) ) 6f + 4 (159 + 88 5¢) 5F° - 320 6f°) + 1811,
{sc, @, 1}, {6f, 0, 1}, PlotRange - {-1, 0} ]

0.0 .

T L0
-0.5

1.07]
0.0

0.0

1.0
Thus the first-order derivative of Firm B’s profit decreases monotonically in b.

We now show that at =0 and b=1, the numerator of the first-order derivative of Firm B’s profit
is positive (see the following figure). This implies that Firm B’s optimal location choice is b = 1.
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Plot3D|
(2731 + (24 (-9 (9- 6¢?) (6+6c) +3 (27 - 6¢ (141 + 40 6¢)) &6F + 4 (159 + 88 6¢) 6 - 320 6F°) ) +
4 (27 (3+6c) (6+6c)? -9 (207 +26¢ (3-86c)) 6 - 72 (27 + 14 5¢) 6% + 1280 6F°) ),
{éc, @, 1}, {6f, 0, 1}, PlotRange - {0, 1}]

1.0,

0.5

0,01
0.0 "0.5

0.0
1.0

Therefore, the equilibrium locations are a=0, b=1.
The rest of Proposition 1 follows by substituting a = 0, b = 1 into relevant prices and the loca-
tions of marginal consumers in the two periods.

Proofs of Propositions 2 and 3.

Because each firm’s reaction function consists of three different pieces, we need to derive the
‘true’ reaction function by checking when the firm’s profit obtains a global, rather than, local
maximum.

From here on, we assume that firms’ discount factor is 6 and consumers’ discount factor is 0, as
stated in Propositions 2 and 3.

5f=6

5

5c=0

0

From Firm A’s reaction function derived in the proof of Proposition 1, we check the endpoints
of each of the three line segments corresponding to the three cases: (i)0<z=(a+b)/4, (ii)
(atb)/4<z<(2+atb)/4, (iii) (2+atb)/4<z<]1.

(Case 1): The first endpoint below locates the left-hand side of Firm A’s reaction function, and
the second endpoint below locates the right-hand side of Firm A’s reaction function in the first
period.
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1 1
claL=Simplify[{; (a-b) (-8 +5a+5b) t&f, -5 (b-a)t ((a+b) (9-66C+55f) +66c-85f)}]

claR = FullSimplify[

(b-a) t (3 (-2+a+b) &c +86F)
HI

1
Factor‘[{; (a-b)t (3 (a+b) (-3 +6c) - 16 6f), 5

{% (a-b) (-8+5a+5b) tas, % (ca+b)t (-865+ (a+b) (9+55>)}

{-— (a-b)t (9 (a+b) +164), g (-a+b>t5}

(Case ii): The first endpoint below locates the left-hand side of Firm A’s reaction function, and
the second endpoint below locates the right-hand side of Firm A’s reaction function in the first
period.

1
c2al = Fullsimplify[Factor[{-— (a-b)t (3 (a+b) (3+6c) -2 (-8+3a+3b) sf),
18

(b-a) t (3 (a+b) (26¢c-6F) —2(36c—45f))}”
9

1
c2aR=Simplify[{—— (a-b)t (3(2+a+b) (3+6c) -2 (2+3a+3b) 6f),
18

(b-a) t (3 (a+b) (26c—6f)+2(9—6f))}]
9

1 1
{E (a-b)t(-9(a+b)+2(-8+3a+3b)5), 5 (a-b) (-8+3a+3b>t5}

{711—8 (a-b)t (9 (2+a+b)-2(2+3a+3b) &), % (a-b)t (-18+ (2+3a+3b) 5)}

At this stage, we cannot say if Firm A’s reaction function is also continuous in (Case 1) and
(Case 11). We will come back to this shortly. Note that the left-hand endpoint in (Case 1) corre-
sponds to (at+b)/4=z.

(Case iii): The first endpoint below locates the left-hand side of Firm A’s reaction function, and
the second endpoint below locates the right-hand side of Firm A’s reaction function in in the
first period.

1
c3aL=Simplify[{— (a-b)t (3 (2+a+b) (-3+6c) +2 (2+3a+3b) &f),
18

(b-a)t (2(9-36c-5f) +3 (a+b) (6c—6f))}]
9

2
c3aR=Simplify[{— (a-b)t (-9+36c+ (2+a+b) 6f),
9

(b-a)t (4 (9-36c-6Ff) - (a+b) (9—65c+26f))}]
9

{% (a-b)t (-9 (2+a+b)+2 (2+3a+3b)5), % (a-b)t (-18+ (2+3a+3b) 5>}
{% (a-b)t (-9+ (2+a+b)s), % (ca+b)t (-4 (-9+6) - (a+b) <9+25)>}

As shown above, the left endpoint of Firm A’s reaction function in (Case iii) coincides with the
right endpoint of Firm A’s reaction function in (Case ii). That is, Firm A’s reaction function is
continuous in (Case ii) and (Case iii).

(Case 1i1)’: When z=1, the reaction function of Firm A consists of the segment connecting the

following two points.
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c3dal = Simplify[

(b-a)t (4 (9-36c-6f) - (a+b) (9—66c+25f))}]

2
{— (a-b)t (-9+36c+ (2+a+b) &),
9 9

2
c3daR = Simplify[{— (a-b)t (-9+36c+ (2+a+b) &) +k,
9

(b-a)t (4 (9-36c-6f) - (a+b) (9-66c+26F))
5 +k}]

{% (a-b)t (-9+ (2+a+b)s), % (-a+b)t (-4 (-9+6) - (a+b) <9+25)>}

{k+§ (a-b)t(-9+(2+a+b)s), k+%(—a+b)t (-4 (-9+6) - (a+b) (9+25))}

where £ is a sufficient large positive number (to keep p 4 at the monopoly price leading to z=1).
Note that the left endpoint of Firm A’s reaction function in (Case ii1)’ coincides with the right
endpoint of Firm A’s reaction function in (Case iii).

Next, from firm B’s reaction function derived the proof of Proposition 1, we check the endpoints
of each of the three line segments corresponding to the three cases: (i)0<z=(atb)/4, (ii)
(atb)/4<z<(2+atb)/4, (iii) (2+atb)/d4<z<].

(Case 1): The first endpoint below locates the left-hand side of Firm B’s reaction function, and
the second endpoint below locates the right-hand side of Firm B’s reaction function in the first
period.

(b-a) t (18-3 (a+b) (5c - 6F) - 8 6f)

clbL = Fullsimplify[{ 5 s

1
- — (a-b)yt(3(-4+a+b) (-3+6c) +2 (-8+3a+3b) 5f)}]
18

b-a)t (18 + (a+b) (9-66c+26F) -86fF
c1bR=Simplify[{( AL ¢ ) ¢ ) ),
9

2
-2 (@a-b)t(9-36c+ (-4+a+b) 5f)}]
9

{% (ca+b)t (18-865+3 (a+b)5), —— (a-b)t (-9 (-4+a+b)+2(-8+3a+3b) 5)}

{% (-a+b)t (18-85+ (a+b) (9+268)), -% (a-b)t (9+ (-4+a+b) 5)}

(Case 1)’: When z=0, The reaction function of Firm B consists of the segment connecting the
following two points.

cldblL =
b-a)t (18+ (a+b) (9-66C+26f) -86F) 2
Simplify[{( )t (8~ (a+h) ( +200) ),——(a—b)t(9—36c+(—4+a+b) af)}]
9 9
b-a)t (18 a+b) (9-66c+26f) -86fF
c1dbR=Simplify[{( )t 38+ (a+h) ( +201) ) ik,

9

2
_Z (a-b)t (9-36c+ (-4+a+b) 5f)+k}]
9
{% (-a+b)t (18-86+ (a+b) (9+26)), é (a-b)t (9+ (-4+a+b) 5)}
{k+§(—a+b)t(18—86+ (a+b) (9+26)), k—é (a-b)t (9+ (-4+a+b) 5)}

where £ is a sufficient large positive number (to keep pp at the monopoly price leading to z=0).
Note that the left-hand endpoint of Firm A’s reaction function in case (i)’ coincides with the
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right-hand endpoint of Firm A’s reaction function in case (i).

Case (i1): The first endpoint below locates the left-hand side of Firm B’s reaction function, and
the second endpoint below locates the right-hand side of Firm B’s reaction function in the first
period.

(b-a)t (6 (1-a-b)&c+ (2+3a+3b) 5f)

c2bL = Fullsimplify[{ 5 s

1
— (a-b)t (3(-2+a+b) (3+6c) -2 (2+3a+3b) af)}]
18

b-a)t (18+6 (2-a-b) 6c- (8-3a-3b) &6f
c2bR=Simplify[{( ARCALE ) ( ) ),
9

1
= (a-b)t (3 (-4+a+b) (3+6c) -2 (-8+3a+3b) 6'F)}]

{% (ca+b) (2+3a+3b) ts, %(a—b)t(9(—2+a+b)—2(2+3a+3b) 5)}

{-% (a-b)t (18+ (-8+3a+3b) &), % (a-b)t (9 (-4+a+b) -2 (-8+3a+3b) 5>}

We find that the left endpoint of Firm B’s reaction function in (Case 1) coincides with the right
endpoint of Firm B’s reaction function in (Case ii). That is, Firm B’s reaction function is continu-
ous in (Case 1) and (Case ii).

Case (iii): The first endpoint below locates the left-hand side of Firm B’s reaction function, and
the second endpoint below locates the right-hand side of Firm B’s reaction function in the first
period.

c3bL =
(b-a)t((a+b) (9-686c+56F) -2 (9-36c+8fF))
9

Simplify[{ s -3 (a-b) (-2+5a+5b) téf}]

C3bR = FullSimpli-Fy[
(b-a) t (86f-3 (a+b) &¢c)
9

Factor[{ s -% (a-b)t (3 (-2+a+b) (-3 +6¢C) +16 6f)}]]

{% (ca+b)t (-2 (9+6) + (a+b) (9+58)), 7% (a-b) (—2+Sa+5b)t5}

8 1
{5 (-a+b) £, = (a-b)t (9 (-2+a+b) -165)}

At this stage, we cannot say if Firm B’s reaction function is continuous in (Case iii) and (Case
i1). We will come back to this shortly. Note that the right-hand endpoint in (Case iii) corre-
sponds to (2+a+b)/4=z.

We now turn to the pricing equilibrium in the first period. To this end, we need to find the
‘true’ reaction function for each firm, by checking when each firm’s reaction leads to a global
optimum. Next we check when the two ‘true’ reaction functions intersect. As before, calcula-
tions are quite messy although the logical steps are identical. If necessary, readers can jump
directly to the stage where we show that the pricing equilibrium exists only in (Case ii) and for
all values of 6.

For illustrative purposes, we start with an example where we seta=0,b=1,t=1,and 6 = 1/2.
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First, we plot Firm A’s reaction function corresponding to the three cases.
Plot[{x- (-3a’t+3b’t-4atséc+3a’téc+4abtsc-3b’tsc) /s,
x+(b-a)t (6+3a(-1+6c) +3b (-1+6c) -26c)/6}, {X, 0, 3},
Epilog -» {Line[{claL, claR}], Line[{c2aL, c2aR}], , Line[{c3aL, c3aR}],
Line[ {c3daL, c3daR}], Text["(iii)'", {1.6, 2.7}], Text["(iii)", {1.1, 1.95}],
Text[" (ii)", {1.2, 1.4}], Text["(i)", {@.75, 0.18}]}, PlotRange - {0, 3},
LabelStyle » (FontSize -» 14), AxesLabel » {"p,", "ps"}, AspectRatio- 1, PlotStyle—>DotDashed]

PB
3.0r

2.5
2.0}

1.5

1.0

0.5}

’

0.0 0.5 1.0 1.5 2.0 2.5

——= Py
3.0

As shown above, for some pp, there are two local optimal prices for Firm A.
We can show that the multiplicity of local optimal prices always appears.
Clear[a, b, &, t, k]

To show the multiplicity, we check the locations of the three endpoints: The left-hand endpoint
in (ii) (c2aL), the left-hand and right-hand endpoints (clalL and cl1aR) in (i) (see below)
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c2alL
clalL
claR

{% (a-b)t (-9 (a+b)+2(-8+3a+3b)35), % (a-b) (—8+3a+3b)t6}

{% (a-b) (-8+5a+5b) ts, —% (-a+b)t (-85+ (a+h) (9+55>)}

1 8
{_E (a-b) t (9 (a+b) +160), o (-a+b>t5}

First, we compare the elements of the left-hand endpoint in (ii) and the right-hand endpoint in (i):

1 1
Factor-[— (a-b)t (-9 (a+b) +2 (-8+3a+3b) &) - (-— (a-b)t (9 (a+b) +166)]]
18 18
1 8
Factor[— (a-b) (-8+3a+3b)ts-— (—a+b)t6]
9 9
(a-b) (a+b) tés

(a-b) (a+b) to

The outcome means that for any a€[0,1], be[0,1] (a=b), t, and 9, the left-hand endpoint in (i) is
located below the right-hand endpoint in (i) as in the above Figure.

Second, we compare the elements of the left-hand endpoint in (ii) and the left-hand endpoint in
(®:

1 1
Factor[g (a-b)t (-9 (a+b)+2 (-8+3a+3b) 5 - (a-b) (—8+5a+5b)t6]

1 1
Factor‘[; (a-b) (-8+3a+3b)té- —; (-a+b) t (-86+ (a+b) (9+55))]]

_% (a-b) (a+b) t (9+46)
1
5 (@a-b) (a+b) £ (9+20)

The outcome means that for any a€[0,1], b€[0,1] (a=b), t, and 9, the left-hand endpoint in (ii) is
located above the left-hand endpoint in (i) as in the above Figure.

We need to find the global optimal price of Firm A, p,, when there are two local optima for a
given pp. There is a price pp such that choosing the reaction function in (i1) and choosing the
reaction function in (i) are indifferent for Firm A. This pp is the threshold for which choosing
the reaction function in (ii) is preferred by Firm A if pp is larger than this threshold pp, other-
wise, choosing the reaction function in (i) is preferred by Firm A. We need to find the threshold
value of pp.

To check the threshold value of pp for Firm A’s reaction function, we derive the profits under
cases (i1) and (1).
The interior profit of firm A under case (ii) for pg is
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1
Factor‘[pAz+6-F— (b-a)t (2+2a+a’+2b+2ab+b’-8z-2az-2bz+102%) /.
9

3 (Ps - Pa) +((-’=\+b) (3-6c) +26¢)
2 (b-a)t (3+6c) 2 (3 +6¢c)
((9+36c-1065f) pg+ (b-a) t ((a+b) (9-6c*-86Ff+46csf) +2 (36c+sc’+46f-26c6f)))/

Z->

/. {pA—)

2 (9+36c—56f))}]

1
72 (a-b)t (-9+56)

(-81a*t?>+ 1622 b’ t? -81b* t* - 1442’ t? 5 -36a" t? 6+ 288abt’ 5 - 144> t? 6 +
723’2 t?6-36b*t?65+16a’t? 52 +48at? 5% +36a*t2 6% -32abt?> 5% -48a’bt? 5%+
16b2t2 5% -48ab®t? 5% -72a°b?t? 62 +48b> t2 52 + 36 b* t2 52 + 162 a% t pg -
162b’tpg-144at5pg-36a° t 6 pg+ 144 bt 6 pg + 36 b” t 6 pg - 81 pg)

The interior profit of firm A under case (i) for pp is

1
Factor‘[pAz+6-F (— (b-a)t(4+4a+a’+4b+2ab+b’-162+10az+10bz-202%)| /.
18

z» (-3a’t+3b’t-2atsc+2a’téc+2btsc-2b’téc-3pa+3pg)/ (2 (a-b)t(-3+6c)) /.
1
Pa - ((a-b) t (66c-26c*+86F+46c6f+b (9-96c+26c*+56f-56csf) +
2 (-9 +365c-55F)

a(9+25c2+55f—5c (9+58F))) + (-9 +36c - 10 5f) pB)]

1
"8(a-b)t (9+506)
(9a*t’-18a’b*t>+9b*t’ +16a° t? 6+ 14a* t?6-32abt?’ 5 +16b° t? 6 -28a° b* t? 6+ 14b* t? 6 +
16a2t252+5a*t26%2-32abt?62+16b2t262-10a%b?t2 52 +5b*t2 6% -18a’tpg +
18b*tpg+16atops-10a’tops - 16 bt 6 ps + 10 b° t 5 pg + 9 p3)

We derive the threshold value of pg by finding pp that equalizes the above two profits:

FullSimplify[
1
72 (a-b) t (-9+55)
144b2t?6+72a’b*t?5-36b*t?5+16at? 62 +48at? 6% +36a*t?26°-32abt? 6% -
48a’bt? 5% +16b°t? 5% -48ab’ t? 62 -72a°b*t? 52 +48b> t? 52 + 36 b* t2 6% +
162a’tpy - 162b’ tpy-144at6ps-36a°t 5 ps+144bt 5pg + 36 b* t 6 pg - 81 p3) =
1
"8(a-b)t (9+586)
28a’b’t?5+14b*t’5+16a°t? 6% +5a* t? 6% -32abt? 5% +16 b t? 6 - 10a’ b> t2 6% +
5b4t252-18a2th+18b2tp3+16at6p3-1aa2t6p3-16bt5pB+1ab2t6pB+9p§)}, pB”

Solve[{- (-81a*t?+162a% b2t - 81b* t2 - 1442’ t25-36a"t25+288abt? 5 -

(9a*t?-18a’ b’ t?+9b*t? +16a° t’ 6+ 142" t* 6 -32abt’ 6+ 16 b t? 6 -

(a% - bz)2 52
-81 + 25652

1
{{pﬁmt 80257 +80b5%+3a%5 (9+56) -3b%5 (9+56) +3 (81-2567)

32 _p? 262
_7(—81+2>562 (-81 + 25 &2) }}

{pBe%t -80as52+80b&%+3a%65(9+568) -3b%26(9+568) +3

We can easily show that the latter outcome is negative. So, we use the former one.
We simplify the expression of the latter outcome, and obtain the following pj:

t(b-a)s| (805-3(a+b) (9+56)) +3 (a+b) ‘\/81—2562)

Ps - (pb1)
90 5
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We rewrite the locations of the two endpoints: The right-hand endpoint in (i), the left-hand
endpoints in (ii) (see below)

claR

c2alL

{-11—8 (a-b)t (9 (a+b)+165),

0|

(a+b) té}

{% (a-b)t (-9 (a+b)+2(-8+3a+3b)3s), % (a-b) (—8+3a+3b)t6}

We check the condition that the derived pp (pb1) is below the pg-element of the right-hand
endpoints in (i).

t (b—a)6((806—3(a+b) (9+56)) +3 (a+b) 81—2552)

8
Simplify[Factor‘[; (-a+b) tsé-

1 (a-b) (a+b)t(—9—56+\/81—2562)

30

90 6

This is positive.
We also rewrite the location of the endpoint: The left endpoints in (i) (see below)
claL

{% (a-b) (-8+5a+5b) tas, 7% (ca+b)t (-865+ (a+b) (9+55))}

We check the condition that the derived pg (pb1) is above the pg-element of the left endpoints
in (i).
t(b-a)s ( (806-3 (a+b) (9+56)) +3 (a+b) 81—2562)

Simplify[Factor[ 505 -

1
(-— (-a+b) t (-86+ (a+b) (9+56)))]]
9

1 (a-b) (a+b)t(63+356+3x/81—2552)

90
This is positive.

For the threshold value of pg (pbl), the point of p4-element in Firm A’s reaction function in (i)

18
Simplify[Expand[
1
Pa - ((a-b) t (66c-26c+85Ff+a6csf+b (9-96c+26c*+56f-56csf) +
2 (-9 +36c -5 5f)
a(9+26c®+56f-6c(9+56F))) + (-9+36c-106fF) pg) /.
1
p5—>—t(b—a)6((806—3(a+b) (9+58)) +3 (a+b) \/81-2552]]]
905
Pa—
—;(a—b)t 1605(9+56)+3a(—5052+9(21+\/81—2562)+55 3+2\/81—2562) +
180 (9 +505)

3b(—5052+9(21+\/81—2562)+55(3+2\/81—2562)))

b-a)t
pAaﬁ (1606 (9+56) +3 (a+b) ((9+55) (21-106) + (9 + 10 5) \/81—2562))
+

The jumping point of Firm A’s reaction function in (i) is defined as clja
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b-a)t
c1ja={A (1606(9+56)+3(a+b) ((9+55) (21-106) + (9 + 10 5) ‘\/81—2562)),
180 (9 + 5 5)

t(b-a)a((saa-3(a+b) (9+56)) +3 (a+b) 81—2562]

90 6 }

{m (—a+b)t(1605(9+55> +3 (a+b) ((21-195> (9+568) + (9+1005) \/81—2562)),
N

%(—a+b>t (806—3(a+b> (9+568) +3 (a+b) \/81—2562)}

Also, for the threshold value of pp (pbl), the point of p4-element in Firm A’s reaction function
in (i1) is
Simpli-Fy[Expand [pA -

((9+36c-106f) pg+ (b-a) t ((a+b) (9-6c*-86Ff+46csf) +2 (36c+sc’+46F-26c6f)))/

1
(2 (9+36c-565f)) /.pwmt (b—a)é((806—3(a+b) (9+58)) +3 (a+b) \/81-2552]]]

Pa —

R S <a-b>t(150 (9-56) 5+3a (5052+9(21+\/81—2552)—55(39+2\/81—2552))+
180 (-9 +56)
21+x/81—2552)—56 39+2x/81—2552)))

b-a)t
_b-at (160 (9-56) 6+3 (a+b) ((9-55) (21-106) + (9 - 10 5) \/81—2562))

Pa -
180 (9 - 5 6)

3b(5052+9

The jumping point of Firm A’s reaction function in (ii) is defined as c2ja

b-a)t
c2ja={ﬁ (160 (9-56) 6+3 (a+b) ((9-55) (21-106) + (9 - 10 5) \/81—2562)],

t(b—a)é((806—3(a+b) (9+58)) +3 (a+b) ‘\/81—2562)

90 6

{m (—a+b)t(160 (9-56)6+3 (a+b) ((21495) (9-56) + (9-105) \/81—2562)),

%(—a+b)t (806—3(a+b) (9+568) +3 (a+b) \/81—2562)}

Next we show various examples of Firm A’s ‘true’ reaction function for different values of a, b,
t,d,and k.

a=0
b=1
6=1/2
=1
2

® ~ rt
n

[l N| R [l

N
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Plot[{x- (-3a’t+3b’t-4atsc+3a’téc+4btsc-3b’tésc) /6,
x+(b-a)t(6+3a(-1+6c) +3b (-1+6c)-26c) /6}, {x, 0, 3},
Epilog -» {Line[{claL, clja}], Line[{c2ja, c2aR}], Line[{c3aL, c3aR}], Line[{c3daL, c3daR}],
Text[" (iii)", {1.1, 1.95}], Text[" (ii)", {1.2, 1.4}], Text["(i)", {0.75, ©.18}1},
PlotRange - {0, 3}, LabelStyle » (FontSize - 14), AxesLabel -» {"p,", "ps"},
AspectRatio- 1, PlotStyle -» DotDashed]

Ps
3.0r

25
2.0}

1.5F

1.0

n
NR RO S

®© X t OO T QO
n
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Plot[{x- (-3a’t+3b’t-4atsc+3a’téc+4btsc-3b’tésc) /6,
x+(b-a)t(6+3a(-1+6c) +3b (-1+6c)-26c) /6}, {x, 0, 3},
Epilog -» {Line[{claL, clja}], Line[{c2ja, c2aR}], Line[{c3aL, c3aR}], Line[{c3daL, c3daR}],
Text[" (iii)", {1.1, 1.95}], Text[" (ii)", {1.2, 1.4}], Text["(i)", {0.75, ©.18}1},
PlotRange - {0, 3}, LabelStyle » (FontSize - 14), AxesLabel -» {"p,", "ps"},
AspectRatio- 1, PlotStyle -» DotDashed]

Ps
3.0r

2.5

2.0}
1.5F

1.0

0.5}

’

PRI SR W {1 I T S S S I ST S S S S S S I ST SO SO S | pA
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Clear[a, b, &, t, k]

We now turn to Firm B's reaction function in the three cases. As before, we start with an exam-
ple by setting a=0, b=1, t=1, and 6=1/2:

a=0

b=1

56=4/5

1

1

LT W N ® xX
n

iy
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Plot[{x- (-3a’t+3b’t-4atsc+3a’téc+4btsc-3b’tésc) /6,
x+(b-a)t(6+3a(-1+6c) +3b (-1+6c) —26C)/6}, {x, 0, 3},
Epilog -» {Line[{cldbL, c1dbR}], Line[{clbL, c1bR}], Line[{c2bL, c2bR}], Line[{c3bL, c3bR}],
Text[" (iii)", {@.15, ©.85}], Text[" (ii)", {1.5, 1.35}], Text["(i)", {2.2, 1.2}1},
PlotRange - {0, 3}, LabelStyle » (FontSize - 14), AxesLabel -» {"p,", "ps"},
AspectRatio-1, PlotStyle-aDotDashed]

Ps
3.0r

2.5/

T
N

0.5}

’

0.0 0.5 1.0 1.5 2.0 2.5

T30

We find that for some p 4, there are two local optimal prices for Firm B. We can show that the
multiplicity of local optimal prices always appears.

Clear[a, b, &, t, k]

To show the multiplicity, we check the locations of the two endpoints: The left-hand endpoint in
(i1) (c2bL) and the left-hand and right-hand endpoints (c3bL and ¢3bR) in (iii) (see below)

c2bL
c3bL
c3bR

{% (ca+b) (2+3a+3b) ts, % (a-b)t (9 (-2+a+b) -2 (2+3a+3b) 5)}

{% (ca+b)t (-2 (9+6) + (a+b) (9+58)), -% (a-b) <-2+5a+5b)t5}
{5 (Ca+b)ts, - (a-b)t (9(—2+a+b)—166)}
9 ’ 18

First, we compare the elements of the left-hand endpoint in (ii) and the right-hand endpoint in

(iii):
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1 8
Factor[— (-a+b) (2+3a+3b)té- — (—a+b)t6]
9 9
1 1
Factor[— (a-b)t (9 (-2+a+b) -2 (2+3a+3b) 5) - [— (a-b)t (9 (—2+a+b)—166))]
18 18

(a-b) (-2+a+b) to

oWk

-3 (a-b) (-2+a+b)to

The outcome means that for any a€[0,1], bg[0,1] (a=b), t, and &, the right-hand endpoint in (ii1)
is located above the left-hand endpoint in (ii) as in the above Figure.

Second, we compare the elements of the left-hand endpoint in (ii) and the left-hand endpoint in
(iii):

1 1
Factor‘[; (-a+b) (2+Sa+3b)t6—; (-a+b) t (-2 (9+6) + (a+b) (9+55))]

1 1
Factor‘[E(a—b)t(9(—2+a+b)—2(2+3a+3b)5)— —;(a—b) (—2+5a+5b)t5)]
%(a—b) (-2+a+b)t (9+26)
£ a-b 2+a+b)t (9+406
18< -b) (-2+a+b) t (9+49)

The outcome means that for any a€[0,1], b€[0,1] (a=b), t, and 9, the left-hand endpoint in (ii) is
located above the left-hand endpoint in (iii) as in the above Figure.

We need to find the global optimal price of Firm B, pg, when there are two local optima for a
given p 4. There is a price p, such that choosing the reaction function in (ii) and choosing the
reaction function in (iii) are indifferent for Firm B. This p, is the threshold in which choosing
the reaction function in (ii) is preferred by Firm B if p4 is larger than the threshold p,, other-
wise, choosing the reaction function in (iii) is preferred by Firm B. We need to find the thresh-
old value of p,.

To check the threshold value of p, for Firm B’s reaction function, we derive the profits under
cases (i) and (ii1).
The interior profit of firm B under case (ii) for p 4 is

1
Factor-[pB (1-z)+6f—(b-a)t (8-4a+a’-4b+2ab+b’-8z-2az-2bz+102%) /.
9

3(ps-pw) | ((a+b) B-60) +2060)
2 (b-a) t (3+6c) 2 (3 + 6¢)
1
{PB*
2 (9+36C-56f)
a(-9+6c*+86F-46c5f) +b (-9+56c’+86F-46c5F)) + (9+36c-106F) pa) }

Z->

(-(a-b) t (18 +66c-85f+46csf+

1
"72(a-b)t (-9+56)
(-324a°t?+324a°t>-81a" t? +648abt>-324a°bt* - 324b* t* - 324 a b’ t* + 162 a° b* t* + 324 b> t* -
81b*t2-288a%t?5+144a3t25-36a*t?6+576abt?5-144a%bt?>5-288b%t265-144ab*t? 5+
723’2 t?26+144b°t265-36b*t? 5+ 256a%t2 5% -192a%t? 6% +36a* t? 6% -512abt? 5% +
192a2bt25%+256 b2 t2 6% +192ab’t2 62 -72a%b?t2 5% -192b3 1252+ 36b* t2 5%+ 324 atp, -
1623’ tpy-324btpy+162b°tpy-216at5py+36a°tSpy+216 bt Sps-36b°t 6 ps-81p;)

The interior profit of firm B under case (iii) for pp
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1
Factor-[pB 1-12) +6'F(— (b-a)t(-18a+a’-18b+2ab+b*+36z+10az+10bz-2027)| /.
18

-3a%t+3b%t+2a’tséc-2b*téc-3py+3ps (9 -36c+106F) pa
zZ- /.ps-= +

2 (a-b) t (-3+6c) 2 (9-36c+56F)
((b-a)t (2(3-6c) (3-6c+356F) - (a+b) ((3-8c) (3-26c) +5 (1-6¢c) 6F)))/

2 (9—36c+56f))]

1
"8(a-b)t (9+56)
(36a°t?-36a’t*+9a"t’-72abt’+36a°bt’ +36b*t> +36ab’t’ -18a’ b’ t* - 36 b’ t* +
9b*t2+72a%t?5-56a%t?6+14a*t?6-144abt?5+56a’bt?6+72b%t25+56ab%t? s -
28a’b%t?5-56b3t26+14b*t265+36a%t? 5% -20a°t? 6% +5a%t2 6% -72abt? 5%+
20a2bt25%+36b2t26%2+20ab’t?62-10a%b2t252-20b3t2 52+ 5b%t2 52 -36at p,+
18a’tpy+36btpa-18b°tpy-4atopa+10a°tSpa+4btEpy-10b>t 5pa+9pys)

We derive the threshold value of pp by finding pp that equalizes the above two profits:

Fullsimplify[

Solve[{- ! (-324a%t*+3242°t2-81a*t? +648abt> - 324’ bt? - 324 b7 t2 -
72 (a-b) t (-9+586)
324ab?t?+162a%b?t? +324b3t>-81b*t?-288a%t?6+144a3t?6-36a*t>5+576abt? 5 -
144a’bt?65-288b2t25-144ab*t26+72a’b?t265+144b>t>5-36b* t2 6 + 256 a2 t2 62 -
192a3t?6%+36a*t26%°-512abt?52+192a’bt? 6% +256b%t2 6% +192ab?t2 5% -
72a2b2t?26%2-192b3t2 62 +36b* t2 62 +324atpy-162a%tpy-324btp, +162b2tp, -
1
8(a-b)t (9+56)
(36a’t*-36a’t>+9a*t’-72abt’+36a°bt’ +36b°t’ +36ab’t? -18a°b* t* -36 b’ t? +
9b*t?+72a%t?6-56a%t?6+14a*t?5-144abt?6+56a’bt?5+72b>t25+56ab?t?6 -
28a2b?t?256-56b°t25+14b*t?5+36a’t? 6% -20at? 6% +5a*t26%-72abt? 6%+
20a’bt26%+36b%t26%2+20ab’t252-10a%b*t26%-20b3t262+5b*t26%-36atp, +
18a2tpA+36btpA-18b2tpA-4at5pA+1ea2t5pA+4bt5pA-1eb2t5pA+9p§)}, pA]]

216at6py+36a°tspy+216btSpy-36b°tEp,-81p;) == -

1 2
{{pﬁmt 2a (27-256)6-3a%6 (9+56) +

(a-b)2 (-2+a+b)2s?
-81 + 25 &2

3025 (9+568) +2b6 (-27+2568) +3 (812552)J

b

{pAﬁﬁt [2a (27-256)65-3a%65(9+56) +3b25(9+565) +2b6 (-27 +256) +

(-81+2565%)

J)

1
pA»%t(b-a)a((-54+505+3(a+b) (9+568)) +3 (2- (a+bh)) (81—2562) )

3 (a-b)?(2+a+b)?&
-81 + 25 &2

We can easily show that the latter outcome is negative. So, we use the former one.
We simplify the expression of the latter outcome, and obtain the following pp:

1
pA»%t(b-a)a((-54+505+3(a+b) (9+568)) +3 (2- (a+bh)) (81—2562) ) (pal)

We rewrite the locations of the two endpoints: The right endpoint in (iii) and the left endpoint in
(i1) (see below)
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c3bR
c2bL

8 1
{§ (-a+b) £, T (a-b)t (9 (-2+a+b) -165)}

{% (ca+b) (2+3a+3b) ts, %(a—b)t(9(—2+a+b)—2(2+3a+3b) 5)}

We show that the derived p,4 (pal) is smaller than the ps-element of the right-hand endpoints in
(iii).
Simplify[Factor[

8 1
—(—a+b)t6——t(b—a)6((—54+506+3(a+b) (9+58)) +3 (2- (a+b)) / (81-2586?) )]]
9 90 5

L aob (—2+a+b)t(—9—55+\/81—2552)

This is positive (note that -9 - 5 & + /81 - 25 52 is negative).

We show that the derived p4 (pal) is larger than the p4-element of the left-hand endpoints in (ii).
1
Simplify[Factor[%t (b-a) s ( (-54+506+3 (a+b) (9+56)) +3 (2- (a+b)) 4/ (81-256?) ) -
1
~ (-a+b) (2+3a+3b) té]]
9
% (a-b) (-2+a+b)t|[-9+56++/81-2565° )
This is positive (note that -9 + 5 & + /81 — 25 52 is positive).

The reaction function of Firm B in (ii) is
1
N
2 (9 +36c-506F)
(-(a-b) t (18+66c-86F+a6csf+a (-9+6c>+85Ff-46csf) +b (-9+6c”+86f-46csf))+
(9 + 3 6c - 10 5f) pa)

Ps

We substitute p 4 into pg:
1

2 (9 +36c -5 6f)
(-(a-b)t (18+66c-86F+a6c6f+a (-9+6c>+85Ff-46csf) +b (-9+6c>+86F-46csf))+
(9 +36¢c-106F) pa) /.

simplify [pB >

1
pAa—t(b-a)é((—54+506+3(a+b) (9+568)) +3 (2- (a+b)) 4/ (81-256?) )]
920 5

L1
180 (9 - 506)

(9-106) (—54+505+3 (a+b) (9+58) -3 (-2+a+bh) \/81—2562))

ps (—a+b>t(90(18—85+a(—9+85>+b(—9+86)>+
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1
c2jb={ﬁt(b—a)6((—54+506+3(a+b) (9+568)) +3 (2- (a+bh)) '\/(81—2562) ),

1

_— (—a+b)t(90 (18-86+a (-9+86) +b (-9+86)) +
180 (9 - 5 5)

(9-105) (—54+595+3(a+b) (9+56) -3 (-2+a+b) 81—2552))}

{% (—a+b)t(—54+506+3(a+b) (9+56) +3 (2-a-b) \/81—2562),

S
188 (9-50)

(9-106) (—54+505+3 (a+b) (9+58) -3 (-2+a+bh) \/81—2562))}

The reaction function of Firm B in (ii1) is

(9-36c+106F) pa

2 (9-36c+506f)

((b-a)t(2(3-6c) (3-86c+36f) - (a+b) ((3-6c) (3-26¢c) +5 (1-6c) 6)))/
(2 (9-36c+565f))

(—a+b>t(90(18—86+a (-9+88) +b (-9+806)) +

Ps =

We substitute p4 into pp:

(9 - 3 6¢ +10 6F) p,

2 (9 -36c +56f) *

((b-a)t (2 (3-6¢c) (3-6c+36f) - (a+b) ((3-6¢) (3-26¢c) +5 (1-6c) 6F)))/
(2 (9-36c+56F)) /.

simplify [pB >

pAaLt(b—a)é((—54+506+3(a+b) (9+568)) +3 (2- (a+b)) 4/ (81-256?) )]
20 5

L
180 (9 +506)

(9 +1065) (—54+505+3 (a+b) (9+56) -3 (-2+a+b)~/81-2552 ))
1
c3jb={ﬁt(b—a)6((—54+506+3(a+b) (9+568)) +3 (2- (a+bh)) '\/(81—2562) ),

1
180 (9 + 5 68)

Ps (—a+b>t(90(18(1+5>—(a+b> (9+56)) +

(—a+b)t[90 (18 (1+6) - (a+b) (9+56)) +

(9 +105) (—54+595+3(a+b) (9+56) -3 (-2+a+b) 81—2552))}

{% (—a+b)t(—54+506+3(a+b) (9+56) +3 (2-a-b) \/81—2562),

I S
186 (9+56)

(9 +106) (—54+505+3 (a+b) (9+58) -3 (-2+a+bh) \/81—2562))}

(—a+b>t(90(18(1+6>— (a+b) (9+58)) +
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n

N R P RO
~
N

®© X + 00 T O
n

[ay

Ll SR

2
cldbL

{% (a-b) (2+a+b)t (-9+45), -é (a-b)t (9+ (-7+a+b) 5>}

Plot[{x- (-3a’t+3b’t-4atséc+3a’téc+abtsc-3b>tsc) /s,
x+(b-a)t (6+3a(-1+6c) +3b (-1+6c) -26c)/6}, {x, 0, 3},
Epilog -» {Line[{cl1dbL, c1dbR}], Line[{c1bR, c1bL}], Line[{c2bR, c2jb}],
Line[{c3jb, c3bL}], Text[" (iii)", {@.15, 0.85}], Text["(ii)", {1.5, 1.35}],
Text["(i)", {2.2, 1.2}], Text["(i)'", {2.7, 1.6}]}, PlotRange » {0, 3},
LabelStyle » (FontSize -» 14), AxesLabel » {"p,", "ps"}, AspectRatio- 1, PlotStyle—aDotDashed]

PB
3.0r

2.5} .
20f

1.5

1.0F

[ i)

0.5}

0.0 0.5 1.0 1.5 2.0 2.5 3.0
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[ay

Ll SR

2

Plot[{x- (-3a’t+3b’t-4atséc+3a’tsc+4btsc-3b’tsc) /s,

x+(b-a)t (6+3a (-1+6c) +3b (-1+6c) -26¢c) /6}, {x, 0, 3},

Epilog -» {Line[{clalL, cl1ja}], Line[{c2ja, c2aR}], Line[{c3alL, c3aR}],
Line[{c3daL, c3daR}], , , Line[{c1dbL, c1dbR}], Line[{c1bR, c1bL}],

PlotRange -» {0, 3}, LabelStyle » (FontSize - 14), AxesLabel - {"p,", "ps"},
AspectRatio- 1, PlotStyle -» DotDashed]

3.

2.

2.

1

1.

0.

5t

n
N R P RO
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Line[{c2bR, c2jb}], Line[{c3jb, c3bL}], , , Text["(iii)", {0.15, 0.85}],
Text["(ii)", {1.5, 1.35}], Text["(i)", {2.2, 1.2}], Text["(i)'", {2.7, 1.6}]},

DB
Or

sk

of

5[

[ i)

0.0
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a=0.95
b=1
6=1/2
t=1
k=2

0.95

[ay

Ll SR

2

Plot[{x- (-3a’t+3b’t-4atsc+3a’tsc+4abtsc-3b’tsc) /s,
X+ (b-a)t(6+3a(-1+86c) +3b (-1+68c) -26c) /6}, {x, 0, 0.2},

Epilog -» {Line[{clalL, cl1ja}], Line[{c2ja, c2aR}], Line[{c3alL, c3aR}],
Line[{c3daL, c3daR}], , , Line[{cldbL, c1dbR}], Line[{c1bR, c1bL}],
Line[{c2bR, c2jb}], Line[{c3jb, c3bL}], , , Text["(iii)", {0.15, 0.85}],
Text["(ii)", {1.5, 1.35}], Text["(i)", {2.2, 1.2}], Text["(i)'", {2.7, 1.6}]},

PlotRange -» {0, 0.2}, LabelStyle » (FontSize » 14), AxesLabel - {"p,", "pg"},

AspectRatio- 1, PlotStyle -» DotDashed]

Ps
0.20r

0.15F

0.10F

0.05F

k=2
0.95
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Plot[{x- (-3a’t+3b’t-4atsc+3a’téc+4btsc-3b’tésc) /6,
x+(b-a)t(6+3a(-1+6c) +3b (-1+6c) -26c) /6}, {x, 0, 0.1},

Epilog -» {Line[{claL, cl1ja}], Line[{c2ja, c2aR}], Line[{c3alL, c3aR}],
Line[{c3daL, c3daR}], , , Line[{cldbL, c1dbR}], Line[{c1bR, cl1bL}],
Line[{c2bR, c2jb}], Line[{c3jb, c3bL}], , , Text["(iii)", {0.15, 0.85}],
Text["(ii)", {1.5, 1.35}], Text["(i)", {2.2, 1.2}], Text["(i)'", {2.7, 1.6}]1},

PlotRange - {0, 0.1}, LabelStyle -» (FontSize -» 14), AxesLabel -» {"p,", "ps"},

AspectRatio- 1, PlotStyle -» DotDashed]
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Clear[a, b, &, t, k]

The above examples suggest that the pricing equilibrium is possible only in (Case ii).
We now show that it is indeed the case for general values of (a, b, 6, t, k). To this end,
we use the reaction functions corresponding to (Case ii), find the intersection of the two
reactions functions, and show that the intersection point is always in (Case ii) for all
values of 6.
Fullsimplify[Solve[{pa =

((9+36c-106f) pb+ (b-a) t ((a+b) (9-6c*-86F+46c6f) +2 (36c+sc’+46F-26c6f)))/

(2 (9+36c-56F)),
pb= ((9+36c-105f)pa+ (b-a)t (18+66c-85f+46csf+ (a+b) (-9+6c*+86F-46csf)))/

(2 (9+38c-565f))}, {pa, pb}]]

)

{{pae—(a_b)t<_9<2+a+b) +4 (3+2a+2b) 6)
-27 + 2006
(a-b)yt (-9 (-4+a+b)+4 (-7+2a+2b) 6)}}
-27 +20 06

pb -

We can easily show that the derived intersection is always in (Case ii).

We need to show that the intersection is stable even when we consider the reaction functions
outside (Case ii).
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From the result, if there is an intersection between the reaction functions of Firms A and B in
(Case ii), the equilibrium pjp is the following:

(a-b)t (-9 (-4+a+b) +4 (-7+2a+2b) 5)
: -27+205

Eq ps

We rewrite the jump point of Firm A’s reaction function (c1ja):
clja

{m (—a+b)t(1606(9+55)+3(a+b) ((214@5) (9+568) + (9+106) \/81—2562)),
n

%(—a+b)t (806—3(a+b) (9+568) +3 (a+b) \/81—2562)}

If the value of pp in the jump point is smaller than the equilibrium pjp in (Case ii), the equilib-
rium point is stable. The difference between them is
(a-b)t(-9(-4+a+b) +4 (-7+2a+2b) 6)

Simpli-Fy[Factor[ -
-27 +206

1
5 Aot (865—3(a+b) (9+58) +3 (a+b) 81—2552]]]

1
90 (-27 +205)

(a-b)t (4@ (81-11765+406%) +a (—30062—81 (1+\/81—2552 ) +156 (39+4\/81—2552 )) +
b (—30052—81 (1+x/81—2552)+155(39+4x/81—2552 )))

We arrange it, and obtain

50 (27 _200) (b-a)t (40 (9-56) (9-88) -3 (a+b) ((9-55) (3-206) + (27 - 20 5) \/81—2562))

The sign of this value just depends on ¢ and g=a+b.

The value within the largest parentheses is linear in g(=a+b).
This value when g=0 is 40(9-5 6)(9-8 9), which positive.

We calculate this value when g=2, and obtain

2(9-56) (171-1006) - 6 (27 - 20 5) "\ 81 - 25 &2
Plot[z (9-56) (171-1006) - 6 (27 -206) \ 81- 2562, {5, O, 1}]
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From the intersection of the reaction functions in (Case ii), the equilibrium p4 is the following:
(a-b)t (-9 (2+a+b) +4 (3+2a+2b) &)
-27+2056

Eqpa: -
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We rewrite the jump point of Firm B’s reaction function (c3jb):

c3jb

{%(—a+b>t(—54+506+3(a+b) (9+568) +3(2-a-b) m))
1

180 (9+55) (‘a+b>t(99<18<1+6>— (a+b) (9+56)) +

(9+106) (—54+595+3 (a+b) (9+58) -3 (-2+a+b) \/81—2552))}

If the value of p4 in the jump point is smaller than the equilibrium p, in (Case ii), the equilib-
rium point is stable. The difference between them is
(a-b)t (-9 (2+a+b) +4 (3+2a+2b) 5)

Simpli-Fy[Factor [— -
-27 +206

1
— (-a+b)t (—54+506+3(a+b) (9+56) +3 (2-a-b) \/81—2562)]]
90
1 (a-b)t (2 (50@52—81 (—19+\/81—2552 ) +156 (—117+4\/81—2562 )) +

90 (-27 +2065)
a (39062+81 (1+\/81—2562 ) -156 (394—4\/81—2552 )) +
b (39062+81 (1+\/81—2562 ) -156 (39+4\/81—2552 )))
We arrange it, and obtain

b-a)t
_brat (z ((9-55) (171 - 100 &) - (81 - 60 5) "/ 81 - 25 & ] +

90 (27 - 20 5)

3 (a+b) [(9-55) (3-205) + (27 - 20 5) 81—2552))

The sign of this value just depends on ¢ and g=a+b.
The value within the largest parentheses is linear in g(=a+b).

This value when g=0 is 2 ((9— 56) (171 -1006) - (81 -605) /81 - 25 &2 ),which

positive.
We calculate this value when g=2, and obtain 40 (9-5 6) (9-8 9), which is positive.

Plot[{z ((9-55) (171 - 100 6) - (81 - 60 5) V 81 - 25 &2 )}, (5, 0, 1}]
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We have shown that the equilibrium is given by a = 0, b = 1 for all values of ¢. The rest of
Proposition 2 follows by substituting a =0, b =1, 6 ; = ¢ and 6. = 0 into relevant prices and the

locations of marginal consumers in the two periods.
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The following discussion is related to Proposition 3.

Here, we expand the range of g(=a+b) from -1 to 3.

Check the equilibrium locations in which the locations of the firms are restricted within the
range [-1/2,3/2].

—— —(b-a)t |40 (9-56) (9-86) -3 b) [(9-56) (3-206) + (27-206 \/81—2562])
%0 (27 - 20 6) (b-a) ( ) ( ) (a+ )(( ) ( )+ ( )

The sign of this value just depends on ¢ and “a+b”.
Here we define g=a+b. The value within the largest parentheses is linear in g(=atb).

This value when g=-1is
Plot[40 (9-568) (9-868) -3 % (-1) * [(9-56) (3-206) + (27 -205) "/ 81 - 25 &> ], (5, 0, 1}]

4000
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We calculate this value when g=3, and obtain

Plot[40 (9-568) (9-86) -3 %3% ((9—56) (3-206) + (27 -206) /81 - 25 &8 ], (5, 0, 1}]

1 1 1 L L 1 L L L 1 L L N FR—
0.2 0.4 0.6 0.8 1.0
(b-a) t 2
_ (z ((9—56) (171 -100 &) - (81-605) /81 -256 ) +
90 (27 - 20 5)

3 (a+b) [(9-55) (3-205) + (27 - 20 5) 81—2552))

The sign of this value just depends on ¢ and “a+b”.
Here we define g=a+b. The value within the largest parentheses is linear in g(=a+tb).

This value when g=-1 is
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Plot[{z [(9-55) (171 - 100 5) - (81 - 60 &) \/81-2552]+
3 % (-1) ((9-55) (3-205) + (27 - 20 5) \/81-2552)}, (5, 0, 1}]

1 n n n 1 n n n 1

1 1 1 n F—
0.2 0.4 0.6 0.8 1.0

We calculate this value when g=3 is

Plot[{z [(9-55) (171 - 100 5) - (81 - 60 &) \/81-2552]+
343 ((9-55) (3-206) + (27 - 20 6) \/81—2562]}, (5, 0, 1}]

4000
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2000

1000

Check the equilibrium locations in which the locations of the firms are restricted within the
range [-1/2,3/2].
The following is the candidate locations of Firms A and B

81 - 99 6F + 20 5f2
a.: -
12 (27+96-F—20 5f2)

81 - 99 5f + 20 5f°
+
12 (27 + 9 6F - 20 6f?)

The profit of Firm A in case (ii)
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1
Factor‘[paz+6f— (b-a)t (2+2a+a*+2b+2ab+b>-8z-2az-2bz+102%) /.
9

3 (pb - pa) ((a+b) (3-6c) +26c) 1
zZ- + /.{pa—> (a-b) t
2(b-a)t (3+6c) 2 (3+6¢) 81+ 27 6c - 60 6F
(-27 (2+a+b) -546c+3 (-4+a+b) 6c*-4 (-9+3a (-2+6c) +3b (-2 +6c) - 86c) &f),
1
pb - - (a-b) t (-27 (-4+a+b) +545c+3 (2+a+b) 6% -

81 + 27 5¢ - 60 &F
4 (21+3a (-2+6C) +3b (-2 +5c) +25c) 6-F)}/. {5c—>0}]

1
18 (-27 + 20 6F)2
(a-b) t (2916 + 2916 a + 729 a* + 2916 b + 1458 a b + 729 b” - 3888 5 - 2592 a &5f + 405 a* 6f -
2592 b 5F + 810 a b 6F + 405 b? 65F + 864 6F% - 1008 a 6F2 - 1656 a% 52 - 1008 b 6F% - 3312 a b 5f2 -
1656 b 6 + 320 6> + 960 a 6> + 720 a° 5> + 960 b 5 + 1440 a b 5f> + 720 b® 5F°)

The first-order derivative of Firm A’s profit with respect to a is
Factor[D[%, a]]

1
18 (=27 + 20 6F)2
t (2916 + 5832 + 2187 a* + 1458 a b - 729 b® - 3888 5f - 5184 a 5F + 1215 a” 6f + 810 a b 6F -
405 b? 5F + 864 5F% - 2016 a 5F2 - 4968 a% 52 - 3312 a b 5% + 1656 b? 5% +
320 6 + 1920 a 57 + 2160 a 5f° + 1440 a b 6> - 720 b? 5F7)

We substitute the candidate location of Firm B into the first-order derivative:

81 - 99 5F + 20 5F2 ]

Factor‘[% /.b> 1+
12 (27 + 9 6f - 20 6f7)

~((t (-81-324a+99 5f - 188 a 6f - 20 6> + 240 a 67)
(-255879 - 78732 a + 65610 5F - 69984 a &f + 420957 5f° + 222588 a 6f° -
148068 5f> + 14 256 a 5> - 194000 6F* - 158400 a 5f* + 91200 5f° + 57600 a 6F°) ) /

(288 (-27 + 20 6F)% (-27 - 9 6F + 20 5{2)2))

We derive a which makes the above first-order derivative equal to zero.

Simplify[Solve[% =0, a]]

H 81 - 99 5f + 20 52 }
- P
12 (-27 - 9 6f + 20 6F7)

{a— (255879 - 65610 5f - 420957 5 + 148068 5f° + 194000 5f* - 91200 5f°) /
(36 (-2187 - 1944 5f + 6183 5f° + 396 6> - 4400 5f* + 1600 5f°) }}

The former a coincides with the candidate location of Firm A.

To check the sign of the first-order condition, we draw the values of a just derived above.
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81 - 99 &f + 20 62
12 (-27 -9 6F + 20 6F2)

Plot[{

(255879 - 65610 56f - 420957 5 + 148068 5f° + 194000 5* - 91200 5°) /
(36 (-2187 - 1944 5 + 6183 6f* + 396 6f° - 4400 5f* + 1600 65f°) ) }, {6F, 0, 1}]

I I I I I
0.2 04 [ 0.8 1.0

-3.0F

81-99 S5 +20 &5F7
12 (27+9 5f -20 of°)

81-99 S5 +20 &5F2

The first-order derivative with b= 1 + 12 (279 f 20 )

is positive if a <

81-99 5+20 52
12 (27+9 6f-20 6F)

otherwise it is negative. Therefore, a = - is the best location for Firm A given

. _ 81-99 5f+20 62
—_ + .
that Firm B chooses =1 12 (2749 6% 20 6F7)

The profit of Firm B in (Case i1)

1
Factor‘[pb (1-2)+6f= (b-a)t (8-4a+a’-4b+2ab+b?-8z-2az-2bz+102?) /.
9

3 (pb - pa) ((a+b) (3-6c) +26c) 1
zZ- + /.{pa—> (a-b) t
2 (b-a) t (3+6c) 2 (3 +6c) 81 + 27 6c - 60 6F
(-27 (2+a+b) -546c+3 (-4+a+b) 6c*-4 (-9+3a (-2+6c) +3b (-2 +6c) - 86c) 5f),
1
pb - (a-b) t (-27 (-4+a+b) +545c+3 (2+a+b) 6c* -

" 81+27 8¢ - 60 5F
4 (21+3a (-2+6¢C) +3b (-2 +5c) +25c) 6-F)}/. {5c—>0}]

1
18 (-27 + 20 6F) 2
(a-b) t (11664 - 5832a +729a” - 5832b + 1458 ab + 729 b* - 7452 5f + 972 a 6f + 405 a* &6f +
972 b 6 + 810 a b 5F + 405 b? 5f - 7776 52 + 7632 a 6F% - 1656 a® 5F% + 7632 b 6F2 - 3312 a b 5f2 -
1656 b 6f° + 5120 5f° - 3840 a 5> + 720 a* 5f° - 3840 b 5 + 1440 a b 5f° + 720 b® 5F°)

The first-order derivative of Firm B’s profit with respect to b is
Factor[D[%, b]]
1
18 (-27 + 20 6F)2
t (-11664 + 729a* + 11664 b - 1458 a b - 2187 b® + 7452 5f + 405 a° 5 - 1944 b 5 - 810 a b 5F -

1215 b? 5f + 7776 5f2 - 1656 a2 6f2 - 15264 b 52 + 3312 ab &5F% +
4968 b% 5F% - 5120 53 + 720 a% 5> + 7680 b 5> - 1440 a b 5F> - 2160 b? 5f3)

We substitute the candidate location of Firm A into the first-order derivative:
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81 - 99 5f + 20 62
Factor[%/.a—»— )]

12 (27 + 9 6f - 20 57

(t (405 -324b+9 6f - 108 b 5F - 220 6% + 240 b 6%)
(334611 - 78732 b + 4374 5f - 69984 b 6F - 643545 5f* + 222588 b 5 + 133812 5> + 14256 b 5 +
352400 5" - 158400 b 6f* - 148800 5f° + 57600 b 5F°) ) / (288 (-27 + 20 5F)2 (-27-96f + 20 51=2)2)

We derive a which makes the above first-order derivative equal to zero:
Simplify[Solve[% =0, b]]

405 + 9 6f - 220 62
b~ :):
324 + 108 6F - 240 6f
{b—-((334611 + 4374 6 - 643545 6% + 133812 6> + 352400 5f* - 148800 5f°) /

(36 (-2187 - 1944 5f + 6183 5f° + 396 5f° - 4400 6F* + 1600 5F°) ) ) }}

We rewrite the former b:

405 + 9 6F - 220 6f2 1]
324 + 108 5 - 240 52

~ 81-995f+205f
12 (-27 - 9 5F + 20 65F2)

Factor‘[

The former b is

81 - 99 &f + 20 52
+
12 (27 + 9 6f - 20 57)

The former b coincides with the candidate location of Firm B.

To check the sign of the first-order derivative, we draw the values of b just derived above.
81 - 99 &f + 20 52

12 (27 + 9 6F - 20 6F2)

- ((334611 + 4374 5f - 643 545 5 + 133812 6f° + 352400 6f* - 148800 5°) /

Plot [{1 +

(36 (-2187 - 1944 5f + 6183 6f2 + 396 6f° - 4400 5F* + 1600 5f5) )) }, {6f, 0, 1}]
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81-99 5F+20 5f2
12 (27+9 6f-20 6F%) °

81-99 5F+20 5f2
12 (27+9 6f-20 6F%)

81-99 5f+20 52
12 (27+9 5f-20 5f7)

81-99 5f+20 5f2
12 (27+9 5F-20 6F%)

The first-order derivative with a= - is positive if b <1+

otherwise it is negative. Therefore, b=1 + is the optimal location choice for

Firm B given that Firm A chooses a = -



